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Abstract
We study 12 -BPS vortex-strings in four dimensional N = 2 supersymmetric quiver
theories with gauge group SU(N)n × U(1). The matter content of the quiver can
be represented by what we call a tetris diagram, which simplifies the analysis of the
Higgs vacua and the corresponding strings. We classify the vacua of these theories in
the presence of a Fayet-Iliopoulos term, and study strings above fully-Higgsed vacua.
The strings are studied using classical zero modes analysis, supersymmetric localization
and, in some cases, also S-duality. We analyze the conditions for bulk-string decoupling
at low energies. When the conditions are satisfied, the low energy theory living on the
string’s worldsheet is some 2d N = (2, 2) supersymmetric non-linear sigma model.
We analyze the conditions for weak→weak 2d-4d map of parameters, and identify the
worldsheet theory in all the cases where the map is weak→weak. For some SU(2)
quivers, S-duality can be used to map weakly coupled worldsheet theories to strongly
coupled ones. In these cases, we are able to identify the worldsheet theories also when
the 2d-4d map of parameters is weak→strong.
1avner.karasik@weizmann.ac.il
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1 Introduction and Summary
In this work we study the worldsheet theories of 1
2
-BPS vortex strings (strings from now on)
configurations in four-dimensional N = 2 supersymmetric SU(N)n × U(1) gauge theories.
These theories are related to the well-studied SU(N)n quiver theories, by gauging some
U(1) flavour symmetry and adding to it a Fayet-Iliopoulos (FI) term. The study of strings
in these theories allows us to understand better interesting physical phenomena such as
bulk-string decoupling at low energies and weak→ strong mapping of parameters from the
four-dimensional theory to the two-dimensional worldsheet theory. In addition, for SU(2)
quivers these strings have interesting transformation rules under S-duality that relates strings
in theories with different U(1) gauged, and strings in linear quivers to strings in generalized
quivers. Some of these properties already appeared in [1, 2] for the simpler case where the
gauge group is SU(N)× U(1).
The matter content consists of N fundamental hypermultiplets of SU(N)1, N funda-
mental hypermultiplets of SU(N)n and n− 1 bi-fundamental hypermultiplets of SU(N)i ×
SU(N)i+1 for i = 1, ..., n−1. Under the U(1), every hypermultiplet is assigned with a charge
ci ∈ Z. We will denote the two scalars of the hypermultiplets by q and q˜. When adding an
FI term associated with this U(1), some of the hypermultiplets scalars must get non-trivial
vacuum expectation value (VEV) 〈qa〉 = v where the index a here labels the scalars that get
VEV. The vacuum equations are solved by giving VEV to an SU(N)n invariant operator,
charged under the U(1). The sign of its U(1) charge should be the same as the sign of the FI
parameter. This theory supports stable strings. The way to construct a string is to change
the boundary conditions for the scalars getting VEV to limr→∞ 〈qa〉 = veikaφ where r, φ are
the polar coordinates on the plane transverse to the string, and {ka} a set of non-negative or
non-positive integers. The string is labelled by the choice of vacuum and the total winding
number K =
∑
a ka. The minimal tension configurations within a topological sector K, are
1
2
-BPS and preserve N = (2, 2) supersymmetry on the string worldsheet. These strings are
generalizations of the well studied strings in U(N) theories. For a partial list of references,
see [3–14], and the reviews [15–18].
An important tool we will use in order to study the worldsheet theories of these strings
is supersymmetric localization. We can write the partition function of the four-dimensional
theory on a squashed sphere using the results of [19, 20]. For some range of parameters, we
can rewrite the partition function as a sum over Higgs (and mixed) branch contributions.
Out of this sum, one can identify the string contributions [2, 21–23]. As was explained in
[1], in some cases the low energy theory factorizes into a product of the four dimensional
vacuum theory and the two dimensional worldsheet theory. Correspondingly, the string
contribution factorizes into a product of the four-dimensional vacuum partition function
and the worldsheet partition function on a two-sphere. In these cases, we can compare the
worldsheet partition function to known results of S2 N = (2, 2) supersymmetric partition
2
functions [24, 25]. This comparison of the partition functions allows a highly non-trivial
check of any suggestion for the worldsheet theory. See also [26, 27] where similar methods
were used in the context of surface defects.
In [2], a condition on the U(1) charges was given such that the map of parameters from
the 4d theory to the 2d theory is weak to weak. The classical analysis of the zero modes
is useful only when the worldsheet theory is weakly coupled. Supersymmetric localization
gives exact results for the partition function. However, when the map of parameters is
weak to strong, the expression for the partition function we derive is expanded around some
strongly coupled point. On the other hand, the expressions available in the literature for S2
partition functions are expanded around the weakly coupled points. This makes the task
of identifying the theory very hard in these cases. In this work, we identify the worldsheet
theories in all the cases where the map of parameters is weak→weak. For SU(2) quivers,
we identify strongly coupled worldsheet theories that are related to weakly coupled ones via
S-duality.
The outline of this paper is as follows. In section 2 we analyze the vacua of SU(N)n×U(1)
theories in the presence of an FI term. Section 3 is devoted to general properties of the string
and its zero modes. We also present the conditions on U(1) charges {ci} that lead to bulk-
string decoupling at low energies, and to weak→weak map of parameters. In sections 4 and
5 we study strings in SU(N)2×U(1) theories and SU(2)M ×U(1) theories respectively, and
give ansatzes for the worldsheet theories based on semiclassical analysis. In section 6 we
use S-duality properties of the four-dimensional SU(2)M × U(1) theories in order to study
strongly coupled strings. In particular, S-duality relates linear SU(2) quivers to generalized
SU(2) quivers, which allows us to study also strongly coupled strings on generalized quivers.
In section 7 we go back to all the strings studied in the previous sections and study their
worldsheet theory using supersymmetric localization. We extract their worldsheet partition
function from the four-dimensional partition function and show agreement with our ansatzes.
Some technical computations appear in the appendix.
2 Vacua analysis and tetris diagrams
In this section we describe what we call a tetris diagram which is a picturial way to represent
the matter content of a quiver theory, and use it to classify the vacua in the presence of an FI
parameter. Our starting point is the four dimensional N = 2 superconformal quiver theory
with gauge group G = SU(N)n ≡ SU(N)1 × SU(N)2 × ...× SU(N)n. The matter content
consists of N fundamental hypermultiplets of SU(N)1, N fundamental hypermultiplets of
SU(N)n and n−1 bi-fundamental hypermultiplets of SU(N)i×SU(N)i+1 for i = 1, ..., n−1.
The hypermultiplets can be represented by a diagram made out of n + 1 blocks, each one
contains N2 boxes arranged in an N×N matrix. See figure 1 for an example. We modify the
theory first by introducing small and generic masses for the hypermultiplets. In addition,
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Figure 1: This figure shows the tetris di-
agram for SU(2)3 theory. Every box (one
square) represents one component of a hyper-
multiplet. The diagram should be read from
left-up to right-down. The first two columns
represent two fundamentals of SU(2)1. The
2 × 2 block to their right represents one bi-
fundamental of SU(2)1 × SU(2)2. The 2 × 2
block below it, represents one bifundamen-
tal of SU(2)2 × SU(2)3. Finally, the last
two columns represent two fundamentals of
SU(2)3.
we gauge some global U(1) and add an FI term associated with this U(1). This U(1) can be
labelled by asigning an independent U(1) charge ci ∈ Z to every hypermultiplet. Due to the
FI parameter, some of the hypermultiplets scalars must get non-trivial vacuum expectation
value. The vacuum equations are solved by giving VEV to an SU(N)n invariant operator,
charged under the U(1). The sign of its U(1) charge should be the same as the sign of the
FI parameter. These vacua can be represented nicely on the tetris diagram. We can denote
a q getting VEV by a black dot and a q˜ getting VEV by a white (empty) dot. We need to
give VEV to several scalars such that for every SU(N) factor we have a baryon, a meson or
nothing getting VEV. See figure 2 for some examples.
In a given vacuum, the gauge symmetry is broken down to H ⊂ G × U(1). H can be
read easily from the tetris diagram using the following simple rules:
• The number of dots equals the reduction in the rank.
Rank (G× U(1))− Rank(H) = # of dots . (2.1)
• If one draws a line (lines) from every dot in the directions of the color indices, all the
boxes with line on them represent hypermultiplets which are combined with gauge mul-
tiplets into massive W-boson multiplets. Therefore, the number of broken generators
equals the number of boxes with line on them.
• H always contains a discrete Z|C| factor, where C is the U(1) charge of the operator
getting VEV.
These rules are correct only for non-seperable vacua. By seperable we mean that the
operator getting VEV can be written as a product of more than one G-invariant operators.
The seperable vacua are excluded from the following reason. The mass term of a hypermul-
tiplet scalar q looks schematically like (µ−∑ a)2|q|2 where µ is the bare mass of q and the
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Figure 2: This figure shows four possible vacua for a theory with G = SU(3)3. Full and empty
dots represent q and q˜ getting VEV respectively. The lines represent hypermultiplets which are
swallawed by gauge multiplets via the Higgs mechanism. In (a) there is a baryon for the first SU(3)
and nothing for the rest. In (b) there is a meson for the first SU(3) and baryons for the two other
SU(3)s. In (c) there is a meson for every SU(3) and in (d) a baryon for every SU(3) factor. Up
to the discrete Z|c| factor, the residual gauge symmetries in these four vacua are: (a) SU(3)2, (b)
SU(2)2, (c) SU(2)3, (d) SU(2). The way the residual gauge transformations act on the different
indices is shown explicitly on the diagrams.
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Figure 3: A simple example
for a seperable vacuum in the
G = SU(3)2 theory. The oper-
ator getting VEV can be writ-
ten as a product of two G-
invariant operators: a baryon
of SU(3)1 and a baryon of
SU(3)2.
sum over a is the sum over the Cartan components of the gauge multiplet scalars in the rel-
evant representations (The off-diagonal elements of a are taken to be zero). If q gets a VEV,
this term must vanish and therefore we must also introduce a VEV for the gauge multiplet
scalars such that
∑
a = µ in the vacuum. In a seperable vacuum, the VEV of au(1), the
U(1) scalar, can be extracted from every G-invariant operator independently. For generic
masses, these values will not coincide and therefore this solution is forbidden. As a simple
example, consider the G = SU(3)2 theory with the 2-baryonic vacuum illustrated in figure
3. In this example, the operator getting VEV is a product of two G-invariant operators. The
vanishing of the mass terms gives six equations. By summing over the first three equations,
one can extract the value of the U(1) scalar
au(1) =
∑3
i=1 µi∑3
i=1 ci
, (2.2)
where µi, ci with i = 1, 2, 3 are the masses and U(1) charges of the first three hypermultiplets.
Similarly, by summing over the last three equations, one can find
au(1) =
∑7
i=5 µi∑7
i=5 ci
, (2.3)
where now µi, ci with i = 5, 6, 7 are the masses and U(1) charges of the last three hypermul-
tiplets. For generic masses µi, these values don’t coincide and therefore this configuration
doesn’t solve the vacuum equations. On the same way, every seperable vacuum is excluded
once generic values for the hypermultiplets masses µi are turned on.
Consider G = SU(N)n with general N, n. We will list all the possible types of non-
seperable vacua and the residual gauge symmetry in each of these vacua.
• Single block vacua: The simplest vacua are single block vacua. In these vacua all the
dots are in the same block. There are two types of single block vacua:
1. Single block (anti-) baryon: In these vacua there are N dots and N2 lined boxes.
The residual gauge symmetry in this case is H = SU(N)n−1 × Z|C|.
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2. Single block meson: In these vacua there is one full and one empty dot in the
first block or in the last block. There are 2N lined boxes. The residual gauge
symmetry is H = SU(N − 1)× SU(N)n−1 × Z|C|.
The rest of the vacua contain dots in all the blocks.
• Mesonic chain: These vacua are similar to the one presented in 2 (c). In these vacua
there is a meson for every SU(N) factor. There is one dot in every block which reduces
the rank of the gauge group by n + 1. There are 2nN − n + 1 broken generators,
which means that the residual gauge symmetry has rank n(N − 2) and dimension
n((N − 1)2 − 1). The residual gauge group is
H = (SU(N − 1))n × Z|C| . (2.4)
• (anti-) Baryonic chain: These vacua are similar to the one presented in 2 (d). In these
vacua there is a baryon for every SU(N) factor. We can classify the vacua according
to the number of dots in the first block, denoted by m with 1 ≤ m ≤ N − 1. With
this choice, the number of dots in all the odd blocks is m while the number of dots in
all the even blocks is N −m. We will divide the analysis to two cases:
1. odd n: If n, the number of SU(N) factors, is odd, there is an even number of
blocks. The number of dots is always N(n+1)
2
, regardless of m. The number of
broken generators is N2 + n−1
2
(N2 − 2m2 + 2mN). This implies that the residual
gauge symmetry has rank n−1
2
(N − 2) and dimension n−1
2
(N2 + (N −m)2 − 2).
The residual gauge symmetry is
H = (SU(m)× SU(N −m))n−12 × Z|C| . (2.5)
2. even n: In this case, there is an odd number of blocks. The number of dots is
Nn
2
+m and the number of broken generators is m2 + n
2
(N2− 2m2 + 2Nm). This
implies that the residual gauge symmetry has rank nN
2
−n−m+1 and dimension
n
2
((N −m)2 − 1) + (n
2
− 1)(m2 − 1). The residual gauge symmetry in this case is
H = (SU(m))
n
2
−1 × (SU(N −m))n2 × Z|C| . (2.6)
• Mixed chains: In these vacua there is a mixture of mesonic and baryonic chains. See
figures 2 (b) and 4 for examples. Notice that the block of the exchange from mesonic to
baryonic chains contains only one dot. Therefore, intermediate baryonic chains must
contain even number of baryons and are characterized by m = 1. If the vacuum starts
(ends) with a baryonic chain, it may contain odd number of baryons and then it has
N − 1 dots in the first (last) block. The easiest way to analyse the residual gauge
7
Figure 4: This figure shows the contamination of a mesonic chain on the left to a mixed chain
containing two baryons, on the right. It is also shown how two independent SU(N −1) symmetries
of the mesonic chain, labelled by the matrices U, V are broken to the diagonal combination V = U †
due to the baryons.
symmetry is to characterize the mixed vacua by the number of blocks with one dot,
denoted by l. The residual gauge symmetry is then
H = (SU(N − 1))l−1 × Z|C| . (2.7)
This can be simply understood in the following way. Start from a mesonic chain which
is a special case of the mixed vacua with l = n + 1. One can contaminate the chain
with baryons by replacing a block with 1 dot by a block with N − 1 dots, where two
”contaminated” blocks cannot be one next to the other. It is easy to see that every
contamination of this type, breaks one SU(N −1) factor. See figure 4. Notice that the
minimal value for l is n
2
+ 1 for even n and n+1
2
for odd n which are barynoic chains.
An immediate result of this analysis is that fully Higgsed vacua exist only for N = 2 with
arbitrary n, or n ≤ 2 with arbitrary N . In the next sections we will study vortex-strings
above the fully Higgsed vacua of G = SU(2)n and G = SU(N)2.
3 Strings: Generalities and classical analysis
In the next sections we will generalize the analysis made in [2] and study the low energy
theories living on the strings worldsheet in cases where the original gauge group is SU(N)n×
U(1). We will do it only for the cases where the vacuum is fully Higgsed. In this section
we will go over some of the main steps in the way. Our starting point will be a baryonic
8
chain vacuum of an SU(N)n×U(1) theory illustrated by some tetris diagram. The diagram
contains nN + 1− n dots describing nN + 1− n hypermultiplets scalars getting VEV 〈qi〉 =
v , i = 1, ..., nN+1−n. One also need to give VEV to the nN+1−n Cartan gauge multiplet
scalars aI in order to eliminate the mass terms of qi. At energies much smaller than the mass
of the W-bosons mW , the vacuum excitations consists of N
2 + n − 1 light hypermultiplets
with masses which are some linear combinations of the hypermultiplets bare masses (The
exact values will be specified later). These masses are taken to be much smaller than mW .
Excitations with these masses are considered as light and dynamical, while excitations with
masses ∼ mW are considered as heavy and frozen. In order to construct strings, one needs
to modify the VEV of the scalars by changing the boundary conditions to limr→∞ qi = veikiφ
where r, φ are the polar coordinates on the plane transverse to the string and {ki} is a set
of non-negative integers.2 The VEVs of aI are left untouched, but one needs to introduce
VEVs to the Cartan gauge fields Aφ such that the kinetic terms |Dµqi|2 vanish at r → ∞.
The U(1) flux carried by such a configuration is
Φ = lim
r→∞
∫
dφA
u(1)
φ =
2piK
C
(3.1)
where K =
∑
ki, and C =
∑
ci is the charge of the operator getting VEV. Minimal tension
configurations within a topological sector labelled by K satisfy a set of BPS equations and
preserve N = (2, 2) supersymmetry on the string worldsheet. Configurations with the same
K but different {ki} are connected by magnetic monopoles [28] and are part of the same
worldsheet theory. Different {ki} correspond to different vacua of the worldsheet sigma
model, and the monopoles correspond to worldsheet kinks that connect the different vacua
[12]. The worldsheet theory also inherits two vector-like U(1)R symmetries. The first one is a
combination of the four-dimensional U(1)R ⊂ SU(2)R and gauge transformations preserved
by the string. The second is a combination of rotation on the plane transverse to the
string and gauge transformations. The exact massless zero modes of the string are only the
positions of the cores of the string and their superpartners. However, we will treat light
modes with masses of order of the hypermultiplets masses as approximate zero modes and
include them in our zero modes analysis. There are three types of light modes. We will focus
on the bosonic modes where their fermionic partners can be found using supersymmetry.
1. Size modes: These are modes that come from excitations of the light scalars q and
q˜. They can be found in the following way. Among the BPS equations there are the
equations
(D1 + iD2) q = (D1 + iD2) q˜ = 0 . (3.2)
These equations together with the boundary conditions limr→∞ qi = veikiφ implies that
qi has ki zeros at positions ~rli . Close to the zeros it behaves as qi ∼ z − zli , where
2Equivalently, we can take {ki} to be non-positive integers. Then the string will carry negative flux but
all the analysis will be exactly the same.
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z = reiφ. Given the boundary conditions, one can ask whether equations (3.2) allow
non-trivial solutions for the light scalars. These solutions are reffered to as size modes.
The number of modes equals the number of independent solutions. The number and
functional behaviour of the size modes depend highly on the U(1) charges.
2. Off-diagonal modes: Off-diagonal modes are related to gapless excitations of the mas-
sive W-bosons. Their number is independent of the U(1) charges. Every pair of
swallawed scalars qij and qji give rise to ki + kj complex modes. Evidences from local-
ization and S-duality for the existance of these modes were given in [2].
3. Center of mass modes: These modes parametrize the positions of the string cores on
the (x1, x2) plane. There are K cores and therefore 2K real zero modes. These are the
only exact zero modes of the string once the hypermultiplets masses are included.
As was already emphasized in [1, 2], the size modes are responsible for two major properties
of the low energy effective theory in the string background. We will summarize these two
properties here for convenivence.
3.1 Bulk-string decoupling
The first property is related to the question whether the string light modes and the bulk
light modes decouple at low energies such that the effective action can be written as a sum
of two decoupled actions
Seff = Sbulk + Sstring . (3.3)
The answer to this question depends on the asymptotic r-dependence of the size modes.
Modes that decay like 1
rβ
with β ≥ 1 decouple from the bulk modes at low energies while
long range modes that decay like 1
rβ
with 0 < β < 1 stay coupled to the bulk modes even at
low energies. The demand that there are no long range modes coincides with the condition
for no non-trivial Aharonov-Bohm phases for particles in the spectrum encircling the string.
3.2 Weak to weak mapping
Starting from a weakly coupled four-dimensional theory, the two-dimensional worldsheet
theory can be either weakly coupled or strongly coupled. In other words, the 2d-4d map of
parameters can map the weakly coupled regime of the 4d theory to weakly coupled or to
strongly coupled regimes of the worldsheet theory. This property depends on the F-term
constraints of the four-dimensional theory, that take the form∑
i
ciq˜iqi =
∑
i
q˜iT
α
Ri
qi = 0 , (3.4)
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where the sum over i is the sum over flavors, TαRi is an SU(N) generator in the representation
of qi and the color index is suppressed. If for every flavor, there are only q zero modes or q˜
zero modes but not both, all the F-terms vanish identically without imposing any constraints
on the worldsheet. In this case the map of parameters will be weak to weak. If, on the other
hand, there exists a flavor for which there are both q and q˜ zero modes, the F-term constraints
act non-trivially on the worldsheet and as a result, the worldsheet theory will be strongly
coupled.
4 Strings in SU(N)2 × U(1) theories
In this section we will study the SU(N)2 quiver in which we gauge some U(1) flavor sym-
metry. The matter content of this theory consists N fundamentals of the first SU(N), N
fundamentals of the second SU(N) and one bi-fundamental. Therefore, this theory is pa-
rameterized by 2N + 1 charges and masses. We will label the rows of the tetris diagram by
a, b = 1, ..., 2N and the columns by a, b = 0, ..., 2N − 1. In the fully Higgsed vacua, 2N − 1
scalars get VEV. We will take them to be qaa with 〈qaa〉 = v for a = 1, ..., 2N − 1. We
will also denote the masses and U(1) charges by µa, ca with a = 0, ..., 2N . As mentioned
above, the gauge symmetry is broken in this vacuum to ZC where C =
∑2N−1
a=1 ca is the U(1)
charge of the operator getting VEV.3 The spectrum of strings above this vacuum is given by
pi1 (SU(N)
2 × U(1)/ZC) which allows fractional magnetic fluxes quantized as ΦKu(1) = 2piKC
with K ∈ Z. The string solution is obtained by changing the boundary conditions of the
scalars to
lim
r→∞
qaa = ve
ikaφ , (4.1)
where ka are non-negative integers. For finite tension configurations, |Dµq|2 must decay at
r → ∞ faster than r−2. This implies that the Cartan components of the gauge fields Aφ
must be turned on. In particular, it is straight forward to show that the U(1) magnetic flux
carried by the string is
Φu(1) = lim
r→∞
∫
dφA′φ =
2piK
C
, (4.2)
where A′ is the U(1) gauge field, in agreement with the allowed spectrum.
We will be interested in computing the mass and the two U(1) R-charges of every hy-
permultiplet around the string solution. These three quantities are computed in a similar
way.
• Mass: Taking all the off-diagonal elements of the adjoint scalars to zero, the mass of
3Without loss of generality, we take the FI parameter and the charge C to be positive.
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the scalars qab is Mab with
Mab =

µb + cba
′ + a1a for a ≤ N , b < N
µa + caa
′ + a2b−N+1 for a > N , b ≥ N
µN + cNa
′ + a1a + a
2
b−N+1 for a ≤ N , b ≥ N
(4.3)
where a′, a1,2a denote the Cartan elements of the adjoint scalars of the U(1), SU(N)1,2
gauge multiplets with
∑N
a=1 a
1,2
a = 0.
• R(R)-charge: This is a two dimensional vectorlike U(1) R-charge which is a combination
of the four-dimensional U(1)R ⊂ SU(2)R and gauge transformations preserved by the
string solution. Under a general combination of U(1)R ⊂ SU(2)R and Cartan gauge
transformation, the scalar qab tranform as qab → eiωabqab with
ωab =

ωR + cbω
′ + ω1a for a ≤ N , b < N
ωR + caω
′ + ω2b−N+1 for a > N , b ≥ N
ωR + cNω
′ + ω1a + ω
2
b−N+1 for a ≤ N , b ≥ N
(4.4)
where ωR, ω
′ are the U(1)R and U(1) gauge symmetry parameters respectively, and
ω1,2a are the Cartan parameters of SU(N)1,2 transformations satisfying
∑N
a=1 ω
1,2
a = 0.
• R(J)-charge: This is a two dimensional vectorlike U(1) R-charge which is a combination
of rotation and gauge transformations. Rotation is broken by the string due to the
explicit φ dependence of the string solution. If all the cores of the string coincide at the
same point, there is a combination of rotation and gauge transformation that leaves
the string solution invariant. Under a general combination of rotation δφ = 2φ0
4 and
Cartan gauge transformation, the scalars qab transform as qab → eiφabqab with
φab =

2φ0kaδab + cbω
′ + ω1a for a ≤ N , b < N
2φ0kaδab + caω
′ + ω2b−N+1 for a > N , b ≥ N
2φ0kaδab + cNω
′ + ω1a + ω
2
b−N+1 for a ≤ N , b ≥ N
(4.5)
In the string vacuum, we need to demand that
Maa = ωaa = φaa = 0 . (4.6)
These are 2N − 1 equations for the 2N − 1 Cartan parameters. Plugging the values of
the Cartan generators back gives us the mass and R-charges of the scalars qab. It will be
convenient to package the three quantities into
Iˆ =
{
µI − µ
C
cI , 1− (2N − 1)cI
C
,
2KcI
C
− 2kI
}
, I = 0, ..., 2N , (4.7)
4The factor of 2 was chosen such that φ0 is the symmetry parameter of the appropriately normalized
two-dimensional R-symmetry.
12
with
C ≡
2N−1∑
a=1
ca , µ ≡
2N−1∑
a=1
µa , K ≡
2N−1∑
a=1
ka , k0 = k2N = 0 . (4.8)
Notice that
∑2N−1
I=1 Iˆ = 0 is satisfied.
Every box labelled by the row and column indices 1 ≤ A ≤ 2N , 0 ≤ B ≤ 2N is
parametrized by
IˆAB =
{
mass , R(R) , R(J)
}
, (4.9)
with
IˆAB =

Bˆ − Aˆ+ {0, 0, 2kB} for 1 ≤ A ≤ N − 1 , 0 ≤ B ≤ N − 1
Bˆ +
∑N−1
C=1 Cˆ + {0, 0, 2kB} for A = N , 0 ≤ B ≤ N − 1
Aˆ− Bˆ + {0, 0, 2kA} for N + 1 ≤ A ≤ 2N − 1 N ≤ B ≤ 2N − 1
Aˆ+
∑2N−1
C=N+1 Cˆ + {0, 0, 2kA} for A = 2N , N ≤ B ≤ 2N − 1
Nˆ − Aˆ− Bˆ + {0, 0, 2kN} for 1 ≤ A ≤ N − 1 , N + 1 ≤ B ≤ 2N − 1
−Aˆ−∑N−1C=1 Cˆ + {0, 0, 2kN} for 1 ≤ A ≤ N − 1 , B = N
−Bˆ −∑2N−1C=N+1 Cˆ + {0, 0, 2kN} for A = N , N + 1 ≤ B ≤ 2N − 1
(4.10)
For example, for 1 ≤ A ≤ N − 1 , 0 ≤ B ≤ N − 1 the mass and R-charges are
{
mass, R(R), R(J)
}
=
{
µB − µA + µ
C
(cA − cB) , (2N − 1)(cA − cB)
C
, 2kA − 2K(cA − cB)
C
}
.
(4.11)
A more illustrative representation of equation (4.10) appears in figure 5.
As explained around equation (3.2), the size modes are excitations of the light hyper-
multiplets. These are the hypermultiplets that sit in the first column qa,0 with a = 1, ..., N ,
in the last row q2N,b with b = N, ..., 2N − 1, and the upper right (N − 1) × (N − 1) block
qa,b with a = 1, ..., N − 1 and b = N + 1, ..., 2N − 1. The size modes are the solutions to
equations (3.2) given the boundary conditions (4.1).(3.2) can be written as
∂¯ log(qab) =

icbA
′ + iA1a for a ≤ N , b < N
icaA
′ + iA2b−N+1 for a > N , b ≥ N
icNA
′ + iA1a + iA
2
b−N+1 for a ≤ N , b ≥ N
(4.12)
where we emphasize the similarity to equations (4.3)(4.4)(4.5). Solutions to these equations
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Figure 5: This figure represents a picturial way to solve equation (4.6) and find the mass
and R-charges of all the hypermultiplets. The value of the U(1) element a′, ω′ in equations
(4.3),(4.4),(4.5) is easy to find by summing over the 2N − 1 diagonal equations. This results in{
− µC , − (2N−1)ωRC , −2Kφ0C
}
. The mass and R-charges of every hypermultiplet after plugging in
the value of the U(1) element are given by Iˆ on the tail of the blue solid arrow crossing the cor-
responding box. The dashed orange arrows represent the value subtracted by the SU(N)2 gauge
transformation needed in order to satisfy (4.6). At the end, Iˆab is given by the sum of the Iˆs that
appear on the tail of the arrows crossing the corresponding block. Here Iˆ ′ = Iˆ + {0, 0, 2kI} except
for diagonal elements for which Iˆ ′ = Iˆ. For example, there are 3 arrows crossing the box q2,5. The
sum of them gives Iˆ2,5 = 4ˆ
′ − 5ˆ− 2ˆ.
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are given by
qi,0 =
(∏
b
qb,b
) c0−ci
C
qi,i fi,0(z) , i = 1, ..., N − 1
qN,0 =
(∏
b
qb,b
) c0+∑N−1j=1 cj
C N−1∏
i=1
q−1i,i fN,0(z) ,
q2N,i =
(∏
b
qb,b
) c2N−ci
C
qi,i f2N,i(z) , i = N + 1, ..., 2N − 1
q2N,N =
(∏
b
qb,b
) c2N+∑2N−1j=N+1 cj
C 2N−1∏
i=N+11
q−1i,i f2N,N(z) ,
qi,j =
(∏
b
qb,b
) cN−ci−cj
C
qi,i qj,j fi,j(z) , i = 1, ..., N − 1 , j = N + 1, ..., 2N − 1
(4.13)
and on the same way
q˜i,0 =
(∏
b
qb,b
)− c0−ci
C
q−1i,i f˜i,0(z) , i = 1, ..., N − 1
q˜N,0 =
(∏
b
qb,b
)− c0+∑N−1j=1 cj
C N−1∏
i=1
qi,i f˜N,0(z) ,
q˜2N,i =
(∏
b
qb,b
)− c2N−ci
C
q−1i,i f˜2N,i(z) , i = N + 1, ..., 2N − 1
q˜2N,N =
(∏
b
qb,b
)− c2N+∑2N−1j=N+1 cj
C 2N−1∏
i=N+11
qi,i f˜2N,N(z) ,
q˜i,j =
(∏
b
qb,b
)− cN−ci−cj
C
q−1i,i q
−1
j,j f˜i,j(z) , i = 1, ..., N − 1 , j = N + 1, ..., 2N − 1 .
(4.14)
The functions f(z), f˜(z) are general functions independent of z¯ that come from integrating
over z¯ in (4.12). Given the boundary conditions limr→∞ qaa = veikaφ, qaa has ka zeros on the
x1 − x2 plane. The functions f(z), f˜(z) should be restricted such that the scalars qab, q˜ab
vanish at r →∞ and are regular everywhere. For simplicity, the solution is written here for
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the case where all the zeros of qaa coincide at r = 0.
fi,0(z) =
∑
n
zn−
(c0−ci)K
C
−kiρ(n)i,0 , 0 ≤ n <
(c0 − ci)K
C
+ ki ,
fN,0(z) =
∑
n
zn−
(c0+
∑N−1
j=1
cj)K
C
+
∑N−1
j=1 kjρ
(n)
N,0 , 0 ≤ n <
(c0 +
∑N−1
j=1 cj)K
C
−
N−1∑
j=1
kj ,
f2N,i(z) =
∑
n
zn−
(c2N−ci)K
C
−kiρ(n)2N,i , 0 ≤ n <
(c2N − ci)K
C
+ ki ,
f2N,N(z) =
∑
n
zn−
(c2N+
∑2N−1
j=N+1
cj)K
C
+
∑2N−1
j=N+1 kjρ
(n)
2N,N , 0 ≤ n <
(c2N +
∑2N−1
j=N+1 cj)K
C
−
2N−1∑
j=N+1
kj ,
fi,j(z) =
∑
n
zn−
(cN−ci−cj)K
C
−ki−kjρ(n)i,j , 0 ≤ n <
(cN − ci − cj)K
C
+ ki + kj ,
(4.15)
and
f˜i,0(z) =
∑
n
zn+
(c0−ci)K
C
+ki ρ˜
(n)
i,0 , 0 ≤ n < −
(c0 − ci)K
C
− ki ,
f˜N,0(z) =
∑
n
zn+
(c0+
∑N−1
j=1
cj)K
C
−∑N−1j=1 kj ρ˜(n)N,0 , 0 ≤ n < −(c0 +
∑N−1
j=1 cj)K
C
+
N−1∑
j=1
kj ,
f˜2N,i(z) =
∑
n
zn+
(c2N−ci)K
C
+ki ρ˜
(n)
2N,i , 0 ≤ n < −
(c2N − ci)K
C
− ki ,
f˜2N,N(z) =
∑
n
zn+
(c2N+
∑2N−1
j=N+1
cj)K
C
−∑2N−1j=N+1 kj ρ˜(n)2N,N , 0 ≤ n < −(c2N +
∑2N−1
j=N+1 cj)K
C
+
2N−1∑
j=N+1
kj ,
f˜i,j(z) =
∑
n
zn+
(cN−ci−cj)K
C
+ki+kj ρ˜
(n)
i,j , 0 ≤ n < −
(cN − ci − cj)K
C
− ki − kj .
(4.16)
The parameters ρ, ρ˜ are arbitrary complex numbers which parametrize the size modes. For
general zeros, the solution is modified as in equation (4.28) of [1]. However, the number
of zero modes and the asymptotic behaviour will not be affected. The conditions for bulk-
string decoupling and for the weak to weak mapping can be read directly from equations
(4.15),(4.16).
Bulk-string decoupling: Decoupling happens if there are no long range size modes
that decay slower than 1
r
. The conditions for this are
(c0 − ci)K
C
,
(c0 +
∑N−1
j=1 cj)K
C
,
(c2N − cN+i)K
C
,
(c2N +
∑2N−1
j=N+1 cj)K
C
,
(cN − ci − cN+i′)K
C
∈ Z
(4.17)
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for every i, i′ = 1, ..., N−1. This condition also coincides with the condition for no non-trivial
Aharonov-Bohm phases.
Weak to weak mapping: The mapping of parameters from the four dimensional the-
ory to the two dimensional worldsheet theory is weak to weak if all the F-term constraints
are satisfied trivially. This happens if for every flavor, there are only q or only q˜ modes, but
not both. in addition to the size modes, there are also the off-diagonal modes as explained
above. In particular, the scalars qiN , qNj with i = 1, ..., N − 1 and j = N + 1, ..., 2N − 1
give rise to the off-diagonal modes and therefore we must forbid q˜ modes for the entire
bi-fundamental. It means that q˜ij = 0 which leads to the condition
(cN − ci − cj)K
C
≥ 0 , i = 1, ..., N − 1 , j = N + 1, ..., 2N − 1 . (4.18)
From the first column and the last row, we get four possibilities for weak to weak mapping:
1. c0 ≥ ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj ≥ C , c2N ≥ ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj ≥ C.
2. c0 ≥ ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj ≥ C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
3. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N ≥ ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj ≥ C.
4. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
In the cases where the two conditions are satisfied, i.e. the bulk and the string decouple
at low energies, and all the F-term constraints vanish identically, we give an ansatz for the
low energy worldsheet theory with topological charge K = 1. We will show that the given
ansatz is consistent both with the classical zero modes analysis and with results obtained
from localization.
4.1 No q˜ case
In this section we will describe the worldsheet theory in the case where there are no q˜
excitations. This happens when
c0 ≥ ci ∀ 1 ≤ i ≤ N − 1 ,
N−1∑
j=0
cj ≥ C , c2N ≥ ci∀N + 1 ≤ i ≤ 2N − 1 ,
2N∑
j=N+1
cj ≥ C .
(4.19)
In addition, we also assume that the other conditions required for bulk-string decoupling
and weak to weak mapping (4.17) and (4.18) are satisfied. The size modes are given by the
parameters ρ of equation (4.15). It is usefull to distinguish between two types of size modes.
The size modes that exist for every choice of the partition {ka} give rise to decoupled chiral
fields on the worldsheet.
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Figure 6: This figure shows the
number of intercating modes from
every hypermultiplet in the case de-
scribed in 4.1. Every pair of scalars
qab, qba give rise to ka + kb off-
diagonal modes. Their boxes are
connected by red lines and the num-
ber of modes is written only in one of
the boxes. The size modes appear in
the boxes without red line on them.
• ρ(n)i,0 with n = ki, ..., (c0−ci)KC + ki − 1.
• ρ(n)N,0 with n = K −
∑N−1
j=1 kj, ...,
K
∑N−1
j=0 cj
C
−∑N−1j=1 kj − 1.
• ρ(n)2N,i with n = ki, ..., c2N−ci)KC + ki − 1.
• ρ(n)2N,N with n = K −
∑2N−1
j=N+1 kj, ...,
K
∑2N
j=N+1 cj
C
−∑2N−1j=N+1 kj − 1.
• ρ(n)i,j with n = ki + kj, ..., (cN−ci−cj)KC + ki + kj − 1.
Stripping off the decoupled modes and ignoring the center of mass modes, we are left with
the interacting size modes and off-diagonal modes as can be seen in the tetris diagram 6.
There are 2NK complex interacting modes. The fact that the number of modes is
independent of the partition {ka} is a sign for weak→weak mapping. Our ansatz is that the
K = 1 worldsheet theory in this case is given by the low energy limit of a two-dimensional
N = (2, 2) U(1) × U(1) gauged linear sigma model (GLSM) with two complexified FI
parameters
t1,2 = τ1,2 , (4.20)
where τa =
θa
2pi
+ 4pii
g2a
is the 4d complexified gauge coupling, and ta =
θ
(2d)
a
2pi
+ iξa is the
complexified 2d FI parameter. In addition, the theory contains the following chiral fields
• X, parametrizing the center of mass modes.
• ψ±I with I = 0, ..., N , parametrizing the interacting size modes and off-diagonal modes.
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• ηi,j,r with i = 1, ..., N − 1, j = N + 1, ..., 2N − 1, r = 1, ..., (cN−ci−cj)C .
• η0,j,r with j = 1, ..., N − 1, r = 1, ..., (c0−ci)C .
• η0,N,r with r = 1, ...,
∑N−1
j=0 cj
C
− 1.
• η2N,j,r with j = N + 1, ..., 2N − 1, r = 1, ..., (c2N−ci)C .
• η2N,N,r with r = 1, ...,
∑2N
j=N+1 cj
C
− 1.
The η fields parametrize the size modes that exist for every partition {ka}. The quantum
numbers of these fields are given in table 1.
Table 1: The spectrum on the worldsheet in cases where the string admits no q˜ excitations.
Field U(1)× U(1) Twisted Mass R(R) R(J)
X (0,0) 0 0 2
ψ−0 (-1,0) µ
′
0 1− (2N−1)c0C 2c0C
ψ−N (0,-1) µ
′
2N 1− (2N−1)c2NC 2c2NC
ψ+0 (1,0)
∑N−1
j=1 µ
′
j
∑N−1
j=1
(
1− (2N−1)cj
C
) ∑N−1
j=1
2cj
C
ψ+N (0,1)
∑2N−1
j=N+1 µ
′
j
∑2N−1
j=N+1
(
1− (2N−1)cj
C
) ∑2N−1
j=N+1
2cj
C
ψ+J (1,-1) −µ′J −
∑2N−1
i=N+1 µ
′
i
2N−1
C
(
cJ +
∑2N−1
i=N+1 ci
)
−N 2
C
(∑N
i=1 ci − cJ
)
ψ−J (-1,1) −µ′N+J −
∑N−1
i=1 µ
′
i
2N−1
C
(
cN+J +
∑N−1
i=1 ci
)
−N 2
C
(∑2N−1
i=N ci − cN+J
)
ηi,j,r (0,0) µ
′
N − µ′i − µ′j (2N−1)(ci+cj−cN )C − 1 2r
η0,i,r (0,0) µ
′
0 − µ′i (2N−1)(ci−c0)C 2r
η0,N,r (0,0)
∑N−1
j=0 µ
′
j N − 2N−1C
∑N−1
j=0 cj 2r
η2N,j,r (0,0) µ
′
2N − µ′j (2N−1)(cj−c2N )C 2r
η2N,N,r (0,0)
∑2N
j=N+1 µ
′
j N − 2N−1C
∑2N
j=N+1 cj 2r
4.1.1 Comparison with the classical spectrum
In this section we will show that the ansatz for the worldsheet theory agrees with classical
zero modes analysis. We will start from the decoupled sector. It is straight forward to
see that the quantum numbers of the η fields coincide with the quantum numbers of the
decoupled size modes. These are the ρ(n)s of equation (4.15) with n = nmax + 1− r. Now we
will move on to the charged sector. The worldsheet theory has 2N−1 vacua that correspond
to the 2N − 1 choices of {ka} with K = 1. Due to the twisted masses, only two chiral fields
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can get non-trivial VEV. This is allowed thanks to the two gauge multiplets scalars σ1,2 as
the mass terms for the charged fields are
Lmass =(σ1 + µ′0)2|ψ−0 |2 + (σ2 + µ′2N)2 |ψ−N |2 +
(
σ1 −
N−1∑
j=1
µ′j
)2
|ψ+0 |2 +
(
σ2 −
2N−1∑
j=N+1
µ′j
)2
|ψ+N |2
+
N−1∑
J=1
(
σ1 − σ2 + µ′J +
2N−1∑
i=N+1
µ′i
)2
|ψ+J |2 +
N−1∑
J=1
(
σ2 − σ1 + µ′N+J +
N−1∑
i=1
µ′i
)2
|ψ−J |2 .
(4.21)
The chiral fields that get VEV must satisfy the D-term equations
|ψ+0 |2 +
N−1∑
J=1
|ψ+J |2 − |ψ−0 |2 −
N−1∑
J=1
|ψ−J |2 = ζ1 ,
|ψ+N |2 +
N−1∑
J=1
|ψ−J |2 − |ψ−N |2 −
N−1∑
J=1
|ψ+J |2 = ζ2 .
(4.22)
The 2N − 1 vacua and the corresponding {ka} partitions are given by
ka = δa,J ⇒ ψ+N = ζ1 + ζ2 , ψ+J = ζ1 , σ1 = −µ′J , σ2 =
2N−1∑
j=N+1
µ′j ,
ka = δa,N ⇒ ψ+0 = ζ1 , ψ+N = ζ2 , σ1 =
N−1∑
j=1
µ′j , σ2 =
2N−1∑
j=N+1
µ′j ,
ka = δa,N+J ⇒ ψ+0 = ζ1 + ζ2 , ψ−J = ζ2 , σ1 =
N−1∑
j=1
µ′j , σ2 = −µ′N+J .
(4.23)
Lets focus for example on the vacua appearing on the first line of (4.23). By plugging in the
VEV for σ1,2, we find that the masses of the dynamical fields around the vacuum are given
by
Lmass,J =(µ′0 − µ′J)2|ψ−0 |2 +
(
2N∑
j=N+1
µ′j
)2
|ψ−N |2 +
(
µ′J +
N−1∑
j=1
µ′j
)2
|ψ+0 |2
+
N−1∑
I=1,I 6=J
(µ′J − µ′I)2 |ψ+I |2 +
N−1∑
I=1
(
µ′J + µ
′
N+I − µ′N
)2 |ψ−I |2 .
(4.24)
Similarly, the R-symmetries preserved by the vacuum are linear combinations of the
original R-symmetries with some gauge transformations. This leads to a shift in the charges
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of the fields. The shift for a field with U(1)× U(1) charges (q1, q2) is
δR(J) = −q2
2N−1∑
j=N+1
2cj
C
− 2q1
(
1− cJ
C
)
,
δR(R) = q2
(
2N−1∑
j=N+1
(2N − 1)cj
C
−N + 1
)
− q1
(
(2N − 1)cJ
C
− 1
)
.
(4.25)
The equations for these three quantum numbers can be summarized as
δM(q1,q2) = −q1Mψ+J − (q2 + q1)Mψ+N , (4.26)
where M can be mass or any of the two R-charges. Straight forward computation shows
agreement between the spectrum of the charged fields in the vacuum to the off-diagonal and
interacting size modes around the string vacuum ka = δaJ , with the identifiaction
• ψ−0 with the size mode ρ(0)J,0.
• ψ−N with the size mode ρ(0)2N,N .
• ψ+0 with the off-diagonal mode of the pair qN,J , qJ,N .
• ψ+I 6=J with the off-diagonal mode of the pair qI,J , qJ,I .
• ψ−I with the size modes ρ(n)J,N+I .
The quantum numbers of the charged fields in the vacuum are exactly given by the IˆAB
of equations (4.10) as summarized in table 2.
Table 2: The spectrum of the charged sector around the first vacuum in equation (4.23).
Field Twisted Mass R(R) R(J)
ψ−0 µ
′
0 − µ′J (2N−1)(cJ−c0)C 2 + 2(c0−cJ )C
ψ−N
∑2N
j=N+1 µ
′
j N − (2N−1)C
∑2N
j=N+1 cj
2
C
∑2N
j=N+1 cj
ψ+0 µ
′
J +
∑N−1
j=1 µ
′
j
∑N−1
j=1
(
1− (2N−1)cj
C
)
+ 1− (2N−1)cJ
C
∑N−1
j=1
2cj
C
− 2 + 2cJ
C
ψ+I 6=J µ
′
J − µ′I (2N−1)(cI−cJ )C 2(cJ−cI)C
ψ−I µ
′
J + µ
′
N+I − µ′N 2N−1C (cN+I + cJ − cN)− 1 2C (cN − cN+I − cJ) + 2
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4.2 Including q˜ excitations
In this section we will describe the worldsheet theory in the cases where some of the hyper-
multiplets admit q˜ excitations but still the F-term constraints are satisfied trivially. This
happens in one of the following three cases
1. c0 ≥ ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj ≥ C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
2. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N ≥ ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj ≥ C.
3. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
It is easy to see that almost all the analysis will be the same as in the previous section. The
only difference comes from the size modes analysis of the first column or/and the last row. In
case 1 in the above list, ρ
(n)
2N,i and ρ
(n)
2N,N of (4.15) are replaced with ρ˜
(n)
2N,i and ρ˜
(n)
2N,N of (4.16).
In case 2, ρ
(n)
i,0 and ρ
(n)
N,0 of (4.15) are replaced with ρ˜
(n)
i,0 and ρ˜
(n)
N,0 of (4.16). In case 3, the
two replacements should be made. From the worldsheet point of view, these replacements
include two changes. One is a trivial change in the spectrum of the decoupled fields η → η˜.
The second change includes adding neutral fields and couple them to the charged fields via a
superpotential. Consider for example the first case in the list. The spectrum is the same as
in table 1 with the following changes: Replace η2N,j,r, η2N,N,r with the decoupled fields η˜2N,j,r
with j = N+1, ..., 2N−1 , r = 1, ..., (cj−c2N )K
C
−K and η˜2N,N,r with r = 1, ...,−KC
∑2N
j=N+1 cj.
Their quantum numbers appear in table 3. These fields represent the size modes ρ˜
(n)
2N,j and
Table 3: The decoupled fields that come from q˜ size mode in the first case of 4.2.
Field Twisted Mass R(R) R(J)
η˜2N,j,r µ
′
j − µ′2N 2 + (2N−1)(c2N−cj)C 2r
η˜2N,N,r −
∑2N
i=N+1 µ
′
i 2−N + (2N−1)C
∑2N
i=N+1 ci 2r
ρ˜
(n)
2N,N with n = nmax + 1 − r. The second change invloves adding neutral chiral fields χ2N
and χi with i = N + 1, ..., 2N − 1 together with the superpotential
W = α2Nχ2Nψ
+
Nψ
−
N + αJχN+Jψ
+
0 ψ
−
J ψ
−
N , (4.27)
where α2N , αJ are some non-zero coefficients that cannot be fixed by our analysis. The
quantum numbers of the χ fields are fixed from the superpotential. We will show that
due to the superpotential, the field ψ−N is fixed to be zero on the target space. From the
superpotential, we get (among others) the constraints
ψ+Nψ
−
N = 0 , ψ
+
0 ψ
−
J ψ
−
N = 0 ∀ 1 ≤ J ≤ N − 1 . (4.28)
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In order to satisfy the D-term equations (4.22), we must have ψ+N 6= 0 or ψ+0 ψ−J 6= 0 for some
1 ≤ J ≤ N − 1, which means that ψ−N = 0 on every point on the targetspace. The other
non-trivial equation we get from the superpotential is
∂W
∂ψ−N
= α2Nψ
+
Nχ2N +
N−1∑
J=1
αJψ
+
0 ψ
−
J χN+J = 0 . (4.29)
On the vacua (4.23), one of the χs vanishes and we are left with N−1 χs. They represent the
interacting size modes ρ˜
(n)
2N,N , ρ˜
(nj)
2N,j with n = 0, ...,
∑2N−1
i=N+1 ki and nj = 0, ..., 1 − kj. There
are N − 1 such modes at any vacuum (4.23), and there is an exact agreement between the
quantum numbers of the χs and the ρ˜s. As an example consider the vacuum described on
the first line of (4.23). At this vacuum ψ+N 6= 0 and therefore, χ2N = 0. Similarly, in this
vacuum ka = δa,J for some J = 1, ..., N − 1. This implies that there are no ρ˜(n)2N,N modes and
1 mode for every ρ˜
(0)
2N,j. Due to the obvious symmetry between the first column and the last
row of the tetris diagram, the other cases in the list presented at the beginning of 4.2 will
be exactly the same.
5 Strings in SU(2)M × U(1) theories
In this section we will study the SU(2)M quiver theories in which we gauge some U(1) flavor
symmetry. We will focus on the fully Higgsed vacua in which M + 1 scalars get VEV. The
tetris diagram contains M+1 2×2 blocks. Each one of the M−1 inner blocks represent one
bifundamental and therefore the entire block should be accompannied with one mass and
one U(1) charge. Each of the two outer blocks represent two fundamentals and therefore it
is accompannied with two masses and two U(1) charges. There are M + 3 masses {µi} and
charges {ci} which are labelled by the index i, j = 0, ...,M + 2. without loss of generality,
we will give VEV to the boxes that sit on the same diagonal. We will denote the boxes
by two indices, where the first row is denoted by 1 and the first column is denoted by 0,
such that the dots are located in qaa. See figure 7. The gauge symmetry is broken in this
vacuum to ZC where C =
∑M+1
a=1 ca. The spectrum of strings above this vacuum is given by
pi1
(
SU(2)M × U(1)/ZC
)
which allows fractional magnetic fluxes quantized as ΦKu(1) =
2piK
C
with K ∈ Z. Repeating the same procedure as in the previous section, we construct the
string by changing the boundary conditions to
lim
r→∞
qaa = ve
ikaφ , (5.1)
where ka are non-negative integers. The asymptotic value of the gauge field can be easily
computed from the demand that the tension is finite. The U(1) flux carried by this string is
Φu(1) = lim
r→∞
∫
dφA′φ =
2piK
C
,K =
M+1∑
a=1
ka (5.2)
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in agreement with the allowed spectrum. As before, we will compute the mass and two U(1)
R-charges of every hypermultiplet around the string solution.
• Mass: The VEV of the adjoint scalars should be chosen such that the mass terms of
qaa vanish. Denoting by a
′ the U(1) scalar and by aI the Cartan scalar of the I’th
SU(2) gauge group, the following equations must be satisfied in the vacuum
c1a
′ + a1 = µ1 , cM+1a′ − aM = µM+1 ,
cIa
′ + aI − aI−1 = µI , 2 ≤ I ≤M .
(5.3)
These equations are solved by
a′ = µ/C , aI =
I∑
J=1
µ′J , µ ≡
M+1∑
I=1
µI , µ
′
I ≡ µI −
µ
C
cI . (5.4)
• R(R)-charge: the vacuum preserves a U(1) R-charge which is the original U(1)R ∈
SU(2)R accompannied by a Cartan gauge transformation that keeps the vacuum in-
variant. This R-symmetry transformation should satisfy
c1ω
′ + ω1 = α , cM+1ω′ − ωM = α ,
cIω
′ + ωI − ωI−1 = α , 2 ≤ I ≤M
(5.5)
where ω′, ωI are the gauge parameters related to the U(1) and the Cartan of the I’th
SU(2) respectivly, and α is the U(1)R ∈ SU(2)R parameter. These equations are solved
by
ω′ = (M + 1)α/C , ωI =
I∑
J=1
(
1− (M + 1)cJ
C
)
α . (5.6)
• R(J)-charge: The string solution where all the cores of the string coincide, preserves
a combination of rotation and gauge transformations. This symmetry transformation
should satisfy
2φ0k1 + c1ω
′ + ω1 = 0 , 2φ0kM+1 + cM+1ω′ − ωM = 0 ,
2φ0kI + cIω
′ + ωI − ωI−1 = 0 , 2 ≤ I ≤M .
(5.7)
These equations are solved by
ω′ = −2Kφ0
C
, ωI =
I∑
J=1
(
2KcJ
C
− 2kJ
)
φ0 . (5.8)
Using the previous computations, we can write the mass and R-charges of the hypermultiplets
around the string. The results are represented on the tetris diagram 7. Our next step is to
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Figure 7: Similar to figure
5, this figure represents the
masses and R-charges of all
the hypermultiplets. Iˆab =
{Mass, R(R), R(J)} of every
hypermultiplet is given by the
sum of the Iˆs that appear on
the tail of the arrows crossing
the corresponding block where
Iˆ = {µ′I , 1− (M+1)cIC , 2KcIC −
2kI} and Iˆ ′ = Iˆ + {0, 0, 2kI}.
Notice that
∑M+1
I=1 Iˆ = 0. See
figure 5 for a more detailed
explanation.
derive the spectrum of size modes which are solutions to equations (3.2) with the boundary
conditions (5.1). This results in5
qa±1,a∓1 =
(∏
b
qbb
)2ca/C
q−1aa fa(z) , fa(z) =
∑
n
ρ
(n)
a
z2Kca/C−ka−n
, 0 ≤ n < 2Kca
C
− ka
q˜a±1,a∓1 =
(∏
b
qbb
)−2ca/C
qaaf˜(z) , f˜a(z) =
∑
n
ρ˜
(n)
a
zka−2Kca/C−n
, 0 ≤ n < ka − 2Kca
C
(5.9)
for 2 ≤ a ≤ M . These are excitations of the light hypermultiplets inside every bifun-
damental.6 The other light hypermultiplets are the ones in the first column denoted by
q10, q20 and the ones in the last row (column) which are denoted by qM+2,M , qM+2,M+1
5As in equations (4.15), (4.16), we write the solution for the case where all the zeros of the string coincide
at the origin to simplify expressions.
6The ± signs in (5.9) are chosen such that the box qa±1,a∓1 is inside the tetris diagram. It means that
we take − sign for even a and + sign for odd a.
25
(qM,M+2, qM+1,M+2). The size modes analysis for these hypermultiplets results in
q10 =
(∏
b
qbb
)(c0−c1)/C
q11f10(z) , f10(z) =
∑
n
ρ
(n)
1,0
z
(c0−c1)K
C
+k1−n
, 0 ≤ n < (c0 − c1)K
C
+ k1
q20 =
(∏
b
qbb
)(c0+c1)/C
q−111 f20(z) , f20(z) =
∑
n
ρ
(n)
2,0
z
(c0+c1)K
C
−k1−n
, 0 ≤ n < (c0 + c1)K
C
− k1
q˜10 =
(∏
b
qbb
)(c1−c0)/C
q−111 f˜10(z) , f˜10(z) =
∑
n
ρ˜
(n)
1,0
z
(c1−c0)K
C
−k1−n
, 0 ≤ n < (c1 − c0)K
C
− k1
q˜20 =
(∏
b
qbb
)−(c0+c1)/C
q11f˜20(z) , f˜20(z) =
∑
n
ρ˜
(n)
2,0
z
−(c0+c1)K
C
+k1−n
, 0 ≤ n < −(c0 + c1)K
C
+ k1 ,
(5.10)
and exactly the same for the last row/column with the replacement of 0→M+2 , 1→M+1.
The conditions for bulk-string decoupling and the for weak to weak mapping can be read
directly from equations (5.9),(5.10).
Bulk-string decoupling: Decoupling happens if there are no long range size modes
that decay slower than 1
r
. The conditions for this are
(c0 ± c1)K
C
,
(cM+2 ± cM+1)K
C
,
2Kca
C
∈ Z ∀ 2 ≤ a ≤M . (5.11)
This condition also coincides with the condition for no non-trivial Aharonov-Bohm phases.
Weak to weak mapping: The mapping of parameters from the four dimensional the-
ory to the two worldsheet theory is weak→ weak if all the F-term constraints are satisfied
trivially. This happens if for every flavor, there are only q or only q˜ modes, but not both. in
addition to the size modes, there are also the off-diagonal modes as explained above. These
forbid q˜ modes for all bi-fundamental size modes (5.9). It means that q˜a±1,a∓1 = 0 for every
2 ≤ a ≤M , which leads to the condition
2ca ≥ C ∀ 2 ≤ a ≤M . (5.12)
From the first column, we get that if c0 ≥ c1, then c0 + c1 ≥ C and vice versa. Similarly,
from the last row/column we get that if cM+2 ≥ cM+1, then cM+2 + cM+1 ≥ C and vice
versa. We will assume that all these conditions are satisfied, with c0 ≥ c1 and cM+2 ≥ cM+1.
The other cases can be dealt similarly with q ↔ q˜.7 We will give an ansatz for the low
energy worldsheet theory with topological charge K = 1, and show that the given ansatz
is consistent both with the classical zero modes analysis and with results obtained from
localization.
7This is special for SU(2) quivers because the fundamental representation of SU(2) is pseudo-real. In
SU(N) theories with N > 2, the different cases should be studied independently as done in the previous
section.
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Figure 8: This figure shows the
number of interacting modes from
every hypermultiplet in the case de-
scribed in 5.1. Every pair of scalars
qab, qba give rise to ka + kb off-
diagonal modes. Their boxes are
connected by red lines and the num-
ber of modes is written only in one of
the boxes. The size modes appear in
the boxes without red line on them.
Simple counting results in (M + 2)K
modes.
5.1 K = 1 worldsheet theory
In this section we will describe the worldsheet theory for the K = 1 string in the case where
(5.11), (5.12) are satisfied and
c0 ≥ c1 , cM+2 ≥ cM+1 , c0 + c1 ≥ C , cM+2 + cM+1 ≥ C . (5.13)
We will keep for now K and restrict to K = 1 later on. In this case, there are no q˜ excitations.
The size modes are given by the parameters ρ in (5.9) and (5.10). We can identify the size
modes that exist for every choice of the partition. They give rise to decoupled chiral fields
on the worldsheet. These size modes are
• ρ(n)a with n = K − ka , ... , 2KcaC − ka − 1.
• ρ(n)1,0 with n = k1 , ... , (c0−c1)KC + k1 − 1.
• ρ(n)2,0 with n = K − k1 , ... , (c0+c1)KC − k1 − 1.
• ρ(n)M+1,M+2 with n = kM+1 , ... , (cM+2−cM+1)KC + kM+1 − 1.
• ρ(n)M,M+2 with n = K − kM+1 , ... , (cM+2+cM+1)KC − kM+1 − 1.
Stripping off the decoupled modes and ignoring the center of mass modes, we are left with
the interacting size modes and off-diagonal modes as can be seen in the tetris diagram 8.
Our ansatz for the worldsheet theory in the K = 1 case is the low energy limit of a two-
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dimensional N = (2, 2) U(1)M GLSM with M complexified FI parameters
ta = τa ∀ 1 ≤ a ≤M , (5.14)
and the following chiral fields:
• X, parametrizing the center of mass modes.
• ψ±I with I = 1, ...,M+1, parametrizing the interacting size modes and the off-diagonal
modes.
• ηi,r with i = 2, ...,M and r = 1, ..., 2ciC − 1.
• η1,0,r with r = 1, ..., c0−c1C .
• η2,0,r with r = 1, ..., c0+c1C − 1.
• ηM+1,M+2,r with r = 1, ..., cM+2−cM+1C .
• ηM,M+2,r with r = 1, ..., cM+2+cM+1C − 1.
Again, the η fields represent the decoupled size modes. The quantum numbers of these fields
are given in table 4.
Table 4: The spectrum on the worldsheet for strings described in 5.1
Field U(1)M Twisted Mass R(R) R(J)
X Neutral 0 0 2
ψ−1 (-1,0...,0) µ
′
0 1− (M+1)c0C 2c0C
ψ+1 (1,0...,0) µ
′
1 1− (M+1)c1C 2c1C
ψ−M+1 (0,...,0,1) µ
′
M+1 1− (M+1)cM+1C 2cM+1C
ψ+M+1 (0...,0,-1) µ
′
M+2 1− (M+1)cM+2C 2cM+2C
ψ±I 6=1,M+1 (0, , ..., 0,
I−1︷︸︸︷
∓1 ,
I︷︸︸︷
±1 , 0, ..., 0) µ′I 1− (M+1)cIC 2cIC
η1,0,r Neutral µ
′
0 − µ′1 (M+1)(c1−c0)C 2r
η2,0,r Neutral µ
′
0 + µ
′
1 2− (M+1)(c0+c1)C 2r
ηM+1,M+2,r Neutral µ
′
M+2 − µ′M+1 (M+1)(cM+1−cM+2)C 2r
ηM,M+2,r Neutral µ
′
M+2 + µ
′
M+1 2− (M+1)(cM+1+cM+2)C 2r
ηi,r Neutral 2µ
′
i 2− 2(M+1)ciC 2r
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5.2 Comparison with the classical spectrum
It is straight forward to check that the spectrum of η fields matches exactly the spectrum
of decoupled size modes ρ with n = nmax + 1 − r. We will show that the charged sector
also agrees with the expectations. The GLSM has M + 1 vacua corresponding to the M + 1
partitions {ka} in the following way
ka = δa,b ⇔
〈
ψ+I
〉
,
〈
ψ−J
〉 6= 0 , σI = I∑
I′=1
µ′I′ , σJ =
M∑
J ′=J
µ′J ′+1 for 1 ≤ I < b < J ≤M + 1 ,
(5.15)
where σI is the gauge multiplet scalar of the I’th U(1). As explained in 4.1.1, the mass and
R-charges are shifted in the vacuum due to the VEV of the fields. For example, in the case of
ka = δa,M+1, the obtained spectrum around the vacuum is given by table 5. Straight forward
computation shows agreement between the spectrum of the charged fields in the vacuum to
the off-diagonal and interacting size modes around the string vacuum ka = δa,M+1, with the
identification
• ψ−1 with the size mode ρ(0)2,0.
• ψ−M+1 with the off-diagonal mode of the pair qM,M+1, qM+1,M .
• ψ+M+1 with the size mode ρ(0)M+1,M+2.
• ψ−I 6=1,M+1 with the size modes ρ(0)I .
Exactly on the same way, the matching of the spectra holds also when expanded around the
other vacua.
Table 5: The spectrum of the charged sector around the first vacuum ka = δa,M+1 of equation
(5.15).
Field Twisted Mass R(R) R(J)
ψ−1 µ
′
0 + µ
′
1 2− (M+1)(c0+c1)C 2(c0+c1)C
ψ−M+1 2µ
′
M+1 2− 2(M+1)cM+1C 4cM+1C − 2
ψ+M+1 µ
′
M+2 − µ′M+1 (M+1)(cM+1−cM+2)C 2 + 2(cM+2−cM+1)C
ψ−I 6=1,M+1 2µ
′
I 2− 2(M+1)cIC 4cIC
6 S-duality for SU(2) quivers
S-duality properties of N = 2 superconformal SU(2) quivers were studied for example in
[29–31]. In the case of one SU(2) gauge group with four fundamental hypermultiplets, the
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theory enjoys a classical SO(8) global symmetry that acts on the eight half hypermultiplets
(or, if you like, the eight N = 1 chiral multiplets). SO(8) has an S3 outer automorphism
group. The theory is invariant under the outer automorphism of SO(8) accompanied by S3
transformations of the gauge coupling q ≡ e2piiτ .8 The S-duality group S3 has six elements
which are generated by two generators. We will denote them by S and T ′.9 They act on the
four SO(8) Cartan generators as
M12 → 1
2
(M12 +M34 +M56 +M78)
M34 → 1
2
(M12 +M34 −M56 −M78)
M56 → 1
2
(M12 −M34 +M56 −M78)
M78 → 1
2
(M12 −M34 −M56 +M78) ,
(6.1)
for S and
M12 → 1
2
(M12 +M34 +M56 −M78)
M34 → 1
2
(M12 +M34 −M56 +M78)
M56 → 1
2
(M12 −M34 +M56 +M78)
M78 → 1
2
(−M12 +M34 +M56 +M78) ,
(6.2)
for T ′. The corresponding transformations of the gauge coupling τ are
S : e2piiτ → 1− e2piiτ , T ′ : τ → −τ . (6.3)
Turning on masses for the hypermultiplets and/or gauging some U(1), break explicitly the
SO(8) global symmetry. Now, instead of relating the theory to itself, the S-duality trans-
formations relate between two theories that differ by their masses and U(1) charges. The
masses and U(1) charges transform on the same way as the Cartan generators. This fact
was used in [2] to find the worldsheet theory of strings in some cases where the 4d-2d map is
weak→strong. This is done in the following way. Consider two different U(1)s with charges
{ci} and {c′i} related by SO(8) outer automorphism. It means that there exists some map-
ping τ → τ ′(τ) such that a theory with U(1) charges {ci} and SU(2) gauge coupling τ is
equivalent to a theory with U(1) charges {c′i} and SU(2) gauge coupling τ ′. The same story
holds also for the worldsheet theories. Lets say that in the first theory, there is a string
8We use here what is known in the literature as τuv that transforms non-trivially only under an S3
subgroup of the SL(2,Z) that acts on τIR. For a discussion about the differences between the two, see for
example section 9.2 in [32].
9T ′ is the same as ST S in the conventions of [2]. We decided to specify here the action of T ′ instead of
T since we work with it explicitly in 6.1.
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such that the FI parameter of its worldsheet theory is given by t = f(τ) where f(τ) is
some function. Under S-duality, the string is mapped to a string in the second theory. The
worldsheet theory of the dual string will be the same up to the map of parameters, which is
t = f(τ ′(τ)). As an example, we can start from a known weakly coupled worldsheet theory
for which t = τ and act with the S transformation that takes
e2piiτ → e2piiτ ′ = 1− e2piiτ . (6.4)
The dual worldsheet theory will be the same theory but with
t =
1
2pii
log
(
1− e2piiτ) = O (e−Sinst) , (6.5)
which is of course strongly coupled. We would like to apply this method on SU(2) quivers.
Every SU(2) factor is coupled to four fundamental hypermultiplets. However, there are some
difficulties coming from the coupling of these hypermultiplets to other SU(2)s. The exact S-
duality group involves a complicated transformation of all the gauge couplings simultanously
[31]
τi → τ ′i ({τj}) . (6.6)
For simplicity, we will use an approximate S-duality that acts only on one gauge group, as
in the case of one SU(2) coupled to four fundamental hypermultiplets. The approximate
S-duality is broken due to the other gauge couplings, however, we still expect it to be
applicable in the limit where the gauge couplings of the adjacent SU(2)s are much smaller
than the gauge coupling of the discussed SU(2). In the next section, we will consider two
weakly coupled worldsheet theories related by S-duality and show that the correct mapping
between the two as predicted from the approximate S-duality is achieved only in the limit
described above. Later on, in 6.2, 6.3, we will use the S-duality transformation (6.4) to find
strongly coupled worldsheet theories of some (generalized) quivers.
6.1 T ′ transformation
Consider two different SU(2)M×U(1) theories with U(1) charges related by T ′ tranformation
(6.2) of one of the SU(2) factors. Lets consider first the case where the SU(2) is in the middle
of the quiver, i.e. coupled to two bifundamentals. We can take it to be SU(2)L for some
2 ≤ L ≤M−1. In order to understand the action of S-duality, it will be usefull to follow the
Cartans. The two bifundamentals charged under SU(2)L have masses µL, µL+1 and charges
cL, cL+1. In addition, they are charged under SU(2)L−1 and SU(2)L+1 respectively. Their
Cartan generators, denoted by αL∓1, act with an opposite phase on the two halves of every
bifundamental. The SO(8) automorphism acts on the four charges
{cL + αL−1, cL − αL−1, cL+1 + αL+1, cL+1 − αL+1} . (6.7)
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Under T ′ which takes τL → −τL, the two Cartan generators αL±1 are interchanged αL−1 ↔
αL+1. This is equivalent to interchanging the two bifundamentals. The meaning is that in
the limit of Im(τL) Im(τL±1), the worldsheet theory should be invariant under
τL → −τL , µL ↔ µL+1 , cL ↔ cL+1 . (6.8)
Lets see that this is indeed true for the worldsheet theory described in 5.1. The conditions
(5.11), (5.12), (5.13) are invariant under (6.8). The decoupled sector, which is made out
of the η fields of table 4 is also invariant under (6.8). The non-trivial part comes from the
charged sector of table 4. It will be useful to see what happens to the D-term constraints.
Before the transformation, the relevant D-terms were
|ψ+L−1|2 + |ψ−L |2 − |ψ−L−1|2 − |ψ+L |2 = ξL−1 ,
|ψ−L+1|2 + |ψ+L |2 − |ψ+L+1|2 − |ψ−L |2 = ξL ,
|ψ+L+1|2 + |ψ−L+2|2 − |ψ−L+1|2 − |ψ+L+2|2 = ξL+1 .
(6.9)
The transformation (6.8) takes ξL → −ξL and exchanges the masses and R-charges of ψ±L
and ψ±L+1. We can relabel ψ
±
L ↔ ψ±L+1 and write the new D-term constraints
|ψ+L−1|2 + |ψ−L+1|2 − |ψ−L−1|2 − |ψ+L+1|2 = ξL−1 ,
|ψ−L |2 + |ψ+L+1|2 − |ψ+L |2 − |ψ−L+1|2 = −ξL ,
|ψ+L |2 + |ψ−L+2|2 − |ψ−L |2 − |ψ+L+2|2 = ξL+1 .
(6.10)
These three equations can be written as
|ψ+L−1|2 + |ψ−L |2 − |ψ−L−1|2 − |ψ+L |2 = ξL−1 − ξL ,
|ψ+L |2 + |ψ−L+1|2 − |ψ−L |2 − |ψ+L+1|2 = ξL ,
|ψ+L+1|2 + |ψ−L+2|2 − |ψ−L+1|2 − |ψ+L+2|2 = ξL+1 − ξL .
(6.11)
In the Im(τL)  Im(τL±1) ⇔ ξL  ξL±1 limit, these equations are the same as equations
(6.9) which is what we expect to get from S-duality.
Now we will consider the case where the transformed gauge group is on one of the edges.
We will take it to be SU(2)1. The case of SU(2)M is equivalent. The relevant hypermultiplets
are two SU(2)1 fundamentals whose masses and charges are denoted by µ0,1, c0,1 and one
SU(2)1×SU(2)2 bifundamental, whose mass and charge are denoted by µ2, c2. T ′ now acts
on the four charges
{c0, c1, c2 + α2, c2 − α2} . (6.12)
This transformation takes
τ1 → −τ1 , c0 → 1
2
(c0 − c1) + c2 , c1 → 1
2
(c1 − c0) + c2 , c2 → 1
2
(c0 + c1) (6.13)
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and similarly for the masses. As before, the conditions (5.11), (5.12), (5.13) are invariant
under (6.13). The decoupled sector, which is made out of the η fields of table 4 is also
invariant under (6.13). The relevant charged part of the theory contains 6 fields and two
U(1)s with the D-terms
|ψ+1 |2 + |ψ−2 |2 − |ψ−1 |2 − |ψ+2 |2 = ξ1 , |ψ−3 |2 + |ψ+2 |2 − |ψ+3 |2 − |ψ−2 |2 = ξ2 . (6.14)
Under ξ1 → −ξ1 the D-terms become
|ψ−1 |2 + |ψ+2 |2 − |ψ+1 |2 − |ψ−2 |2 = ξ1, |ψ−3 |2 + |ψ+1 |2 − |ψ−3 |2 − |ψ−1 |2 = ξ2 − ξ1 , (6.15)
and the masses and R-charges of the fields are given by the action of (6.13) on table 4. Recall
that the R-charges and the masses themselves are not physical because they can be shifted
by gauge transformations and redefinitions of the scalars σi. If we shift σ1 by
1
2
(µ′0 − µ′1)
then the new masses are
mψ±1 = µ
′
2 , mψ+2 = µ
′
1 , mψ−2 = µ
′
0 , (6.16)
and similarly for the R-charges. We can rename ψ−1 ↔ ψ−2 and ψ+1 ↔ ψ+2 and in the limit
where ξ2  ξ1 we get exactly the same theory before the T ′ transformation with the correct
spectrum.
6.2 S transformation on the edge
In this section we consider the action of the S transformation (6.1) on SU(2)1, the first
SU(2) factor. The S transformation acts on (6.12) as
c0 → c′0 =
1
2
(c0 + c1)− c2 , c1 → c′1 =
1
2
(c1 + c0) + c2 , c2 → c′2 =
1
2
(c0 − c1) . (6.17)
The first thing that we observe is that C ′ 6= C, simply because c′1 + c′2 6= c1 + c2. This means
that we are not comparing the correct strings. The string we need to examine is a string
above the mixed mesonic-baryonic vacuum illustrated in figure 9. Instead of analysing this
string from the beginning, we can use the fact that the fundamental representation of SU(2)
is pseudoreal, and therefore we can exchange mesons with baryons, and take the vacuum
described in figure 9 back to the baryonic vacuum. This transformation effectively takes
c′2 → −c′2 = 12(c1 − c0).
The next thing that we observe is that unlike the T ′ transformation, the conditions (5.12),
(5.13) are not invariant under the S transformation. This is becaue 2c′2 < C and c′0 < c′1
(After we took c′2 → −c′2). The size modes counting (5.9), (5.10) now implies that there are
size modes excitations of q˜13 and q˜10. Therefore there are non-trivial F-term constraints of
the form
q˜10q20 + q˜13q23 = 0 , q˜13q12 = 0 , (6.18)
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Figure 9: The S-dual vacuum to
the baryonic vacuum is the mixed
mesonic-baryonic vacuum shown in
this figure. S transformation on
the first SU(2) takes the baryonic
vacuum to the vacuum presented in
this figure. One can check that the
two dual vacua carry the same U(1)
charge C ′ = C.
and as a result the worldsheet theory is strongly coupled. The approximate S-duality gives
us the worldsheet theory only in the limit τ1  τ2. The K = 1 worldsheet theory in this
case is given by the low energy limit of an N = (2, 2) U(1)M GLSM with M complexified FI
parameters
e2piit1 = 1− e2piiτ1 , ta = τa ∀ 2 ≤ a ≤M, (6.19)
and the following chiral fields
• X, parametrizing the center of mass modes.
• ψ±I with I = 1, ...,M+1, parametrizing the interacting size modes and the off-diagonal
modes.
• ηi,r with i = 3, ...,M and r = 1, ..., 2ciC − 1.
• η2,r with r = 1, ..., c1−c0C − 1.
• η1,0,r with r = 1, ...,−2c2C .
• η2,0,r with r = 1, ..., c0+c1C − 1.
• ηM+1,M+2,r with r = 1, ..., cM+2−cM+1C .
• ηM,M+2,r with r = 1, ..., cM+2+cM+1C − 1.
The quantum numbers of the fields are summarized in table 6.
6.3 S transformation on the middle: Generalized quivers
In this section we will study the S transformation acting on an intermediate SU(2)L with
2 ≤ L ≤ M − 1. This SU(2) is coupled to 2 bifundamentals. As in section 6.1, the S
transformation acts as (6.1) on (6.7), which results in
cL → cL , αL+1 → αL+1 , αL−1 ↔ cL+1 . (6.20)
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Table 6: The spectrum on the worldsheet for S-dual strings described in 6.2
Field U(1)M Twisted Mass R(R) R(J)
X Neutral 0 0 2
ψ−1 (-1,0...,0)
1
2
(µ′0 + µ
′
1 − 2µ′2) 1 + (M+1)(2c2−c0−c1)2C c0+c1−2c2C
ψ+1 (1,0...,0)
1
2
(µ′0 + µ
′
1 + 2µ
′
2) 1− (M+1)(c0+c1+2c2)2C c0+c1+2c2C
ψ±2 (∓1,±1, 0, ...) 12(µ′1 − µ′0) 1 + (M+1)(c0−c1)2C c1−c0C
ψ−M+1 (0,...,0,1) µ
′
M+1 1− (M+1)cM+1C 2cM+1C
ψ+M+1 (0...,0,-1) µ
′
M+2 1− (M+1)cM+2C 2cM+2C
ψ±I 6=1,2,M+1 (0, , ..., 0,
I−1︷︸︸︷
∓1 ,
I︷︸︸︷
±1 , 0, ..., 0) µ′I 1− (M+1)cIC 2cIC
η1,0,r Neutral −2µ′2 2(M+1)c2C 2r
η2,0,r Neutral µ
′
0 + µ
′
1 2− (M+1)(c0+c1)C 2r
η2,r Neutral µ
′
1 − µ′0 2 + (M+1)(c0−c1)C 2r
ηM+1,M+2,r Neutral µ
′
M+2 − µ′M+1 (M+1)(cM+1−cM+2)C 2r
ηM,M+2,r Neutral µ
′
M+2 + µ
′
M+1 2− (M+1)(cM+1+cM+2)C 2r
ηi≥3,r Neutral 2µ′i 2− 2(M+1)ciC 2r
An interesting consequence is that the S transformation takes the quiver to the so called
generalized quiver represented in figure 10. Lets see exactly how it works. Under S, we see
from equation (6.20) that the two gauge groups SU(2)L±1 act on the same block. This block
is now a trifundamental of the three gauge groups SU(2)L,L±1. Take as an example L = 2.
In order to understand better how SU(2)1 acts on the trifundamental hypermultiplet, it will
be usefull to look at the scalars
q =
(
q32 q33
q42 q43
)
, q˜ =
(
q˜32 q˜33
q˜42 q˜43
)
. (6.21)
Under SU(2)2 × SU(2)3, they transform as q → U3qUT2 , q˜ → U∗3 q˜U †2 , or equivalently
q → U3qUT2 , σ2q˜σ2 → U3σ2q˜σ2UT2 . (6.22)
The third gauge group, SU(2)1, now acts on
(
q σ2q˜σ2
)T
as doublets. Notice that the mixing
between q and q˜ implies that the trifundamental field must be massless and U(1) neutral.
One of the difficulties in studying strings on generalized quivers is that the worldsheet theory
is inherently strongly coupled. In the previous cases, the F-terms couple q with q˜, then one
can find simple conditions on the U(1) charges such that the F-terms are satisfied trivially
and as a result, the worldsheet theory is weakly coupled. On the other hand, trifundamental
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Figure 10: The tetris diagram of the SU(2)3
generalized quiver. The coupling of the hy-
permultiplets to SU(2)1 is represented by the
curved blue lines. The charges of the hyper-
multiplets are written on the diagram. The
vacuum presented here is the fully Higgsed
vacuum S-dual to the fully Higgsed vacuum
of the linear quiver studied above.
F-terms couple also q with q and q˜ with q˜. For example, from the Cartan of SU(2)1 we get
the constraint
q43q32 − q˜43q˜32 + q33q42 − q˜33q˜42 + ... = 0 . (6.23)
The off-diagonal modes that come from q43, q32 impose non-trivial constraints on the world-
sheet. As a result, the worldsheet theory is strongly coupled, regardless of the U(1) charges.
We will study generalized quiver strings in the case where they are S-dual to weakly coupled
strings. We will write everything explicitly for the SU(2)3 quiver. The generalization to
longer quivers is straight forward. The masses and U(1) charges of the first two columns and
the last two columns, parametrized by a = 0, 1, 4, 5, are invariant under the S transforma-
tion and are equal to µa, ca. The two SU(2)2 fundamentals have masses and U(1) charges
µ2± µ3 , c2± c3. The trifundamental field is massless and neutral, as explained above. The
U(1) charges satisfy
c0 ≥ c1 , c5 ≥ c4 , c0 + c1 ≥ C , c5 + c4 ≥ C , 2c2 ≥ C , 2c3 ≥ C . (6.24)
It will be convenient to denote the charges by
c1+ = c1 , c1− = c0 , c2± = c2 ± c3 , c3+ = c4 , c3− = c5 , (6.25)
and similarly for the masses.
Putting all the details together, our ansatz for the worldsheet theory is a U(1)3 GLSM
with complexified FI parameters
t1,3 = τ1,3 , e
2piit2 = 1− e2piiτ2 , (6.26)
and the following chiral fields
• One neutral chiral field X.
• Six chiral fields, ψI± , I = 1, 2, 3 with charges (±1, 0, 0), (0,±1, 0), (0, 0,±1).
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• Two chiral fields ψ4± with charges (±1,±1,∓1).
• Neutral fields η+I,r with I = 1, 2, 3 and r = 1, ..., cI++cI−C − 1.
• Neutral fields η−I,r with I = 1, 3 and r = 1, ..., cI−−cI+C .
• Neutral fields η−2,r with r = 1, ..., c2+−c2−C − 1.
The quantum numbers of these fields are summarized in table 7
Table 7: The spectrum on the worldsheet for a generalized quiver string
Field Twisted Mass R(R) R(J)
X 0 0 2
ψI± µ′I± 1− 4cI±C 2cI±C
ψ4+ µ
′
2+ − µ′2− 1− 4(c2+−c2−)C 2(c2+−c2−)C
ψ4− 0 1 0
η+I,r µ
′
I+ + µ
′
I− 2− 4(cI++cI−)C 2r
η−I 6=2,r µ
′
I− − µ′I+ 4(cI+−cI−)C 2r
η−2,r µ
′
2+ − µ′2− 2− 4(c2+−c2−)C 2r
One can easily check that at the limit g2  g1,3, the spectrum is mapped to spectrum of
table 4 under the map
e2piit2 → 1− e2piit2 . (6.27)
7 Worldsheet partition functions from supersymmet-
ric localization
In this section we will derive the worldsheet S2 partition functions for all the strings discussed
in the previous sections. The ideas of this derivation were presented in [21, 22] and elaborated
in [2]. We will review this method briefly. As a start, we put our four dimensional quiver
theory with gauge group SU(N)M × U(1) on the four ellipsoid
x20
r2
+
x21 + x
2
2
l2
+
x23 + x
2
4
l˜2
. (7.1)
The partition function on this manifold was computed in [19, 20]. The partition function in
this representation is written as an (MN −M + 1)-dimensional integral over the Coulomb
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branch coordinates
ZS4b =
∫ M∏
I=1
(
N−1∏
a=1
d(wa · aˆI)
)
daˆ′
M∏
I=1
e
− 16pi2
g2
I
aˆI ·aˆI− 8pi
2
e2
aˆ′2+16ipi2ξˆaˆ′
∏M
I=1
∏
a6=b Υb (iwa · aˆI − iwb · aˆI)∏N
a=1
[∏N−1
i=0 Υb
(
iwa · aˆ1 + iciaˆ′ − iµˆi + Q2
)∏2N+M−2
i=N+M−1 Υb
(
iwa · aˆM + iciaˆ′ − iµˆi + Q2
)]
M−1∏
I=1
N∏
a,b=1
1
Υb
(
iwa · aˆI + iwb · aˆI+1 + icN−1+I aˆ′ − iµˆN−1+I + Q2
) |Zinst|2 .
(7.2)
Here gI , e are the gauge couplings for the SU(N)I and the U(1) factors respectively. Similarly,
aˆI , aˆ
′ are the Coulomb branch parameters of SU(N)I and the U(1) factors, respectively.
ξˆ, µˆ, ci are the FI parameter, masses and U(1) charges, wa are the weights of SU(N) in
the fundamental representation and Q ≡ b + b−1 with b2 ≡ l/l˜. aˆ, µˆ, ξˆ are dimensionless
and measured in units of
√
ll˜. The exponent in the first line of (7.2) comes from the
classical action evaluated in the saddle points, the numerator in the second line comes from
the 1-loop determinant of the vector multiplets, the denominator in the second line comes
from the 1-loop determinant of the 2N SU(N)1 and SU(N)M fundamental hypermultiplets,
the denominator in the third line comes from the 1-loop determinant of the bifundamental
hypermultiplets, and Zinst is the Nekrasov instanton partition function [33] with equivariant
parameters 1 = l
−1 and 2 = l˜−1. Υb(x) is a holomorphic function which is defined by the
conditions and the shift relation
Υb(x) = Υb−1(x) , Υb(Q/2) = 1 , Υb(x+ b) =
Γ(bx)
Γ(1− bx)b
1−2bxΥb(x) . (7.3)
Υb(x) has zeros at
x+mb+ nb−1 = 0 , m, n ∈ N ,
Q− x+mb+ nb−1 = 0 , m, n ∈ N . (7.4)
For a wide range of the parameters of the theory, one can close the contour of integration
over the U(1) Coulomb branch parameter in the complex plane. The partition function is
then written as a sum over the residues of the poles that lie inside the contour of integration.
The poles come from the zeros of the Υb(x) functions that appear in the denominator of
(7.2). One can try and close the contour of integration also for the other M(N−1) integrals.
For some of the terms, it is possible to eliminate all the integrals in this way. Inspired
by the analysis of [34], these terms are interpreted as Higgs branch saddle points. Indeed,
among these terms we can identify the fully Higgsed vacua and strings above these vacua
that were studied in the previous sections. For the rest of the terms, it is not possible
to close the contour for all the integrals. These terms are identified with mixed Higgs-
Coulomb saddle points. The leftover Coulomb branch integrals represent the residual gauge
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symmetry of these configurations. Between these terms one can find the non-fully Higgsed
vacua that were described in section 2. From now on we will focus only on the fully Higgsed
contributions. This sum can be written as
Zfully Higgsed =
∑
{la}
Zvac,{la}e
−8pi2Qξˆ(MN−M+1)/|C{la}|e16pi
2iξˆµˆ{la}/C{la}
∑
K,K′
e−16pi
2ξˆ(Kb+K′b−1)/|C{la}|ZK,K′,{la} ,
(7.5)
where Zvac,{la} and ZK,K′,{la} are independent of ξˆ. The sum over {la} is the sum over fully
Higgsed vacua where the choice of {la} is the choice of NM−M+1 hypermultiplets that get
VEV, C{la} =
∑NM−M+1
a=1 cla and µˆ{la} =
∑NM−M+1
a=1 µˆla , and Zvac,{la} is the partition function
of the N2 + M − 1 light hypermultiplets in the vacuum. K, K ′ are the winding numbers
of strings that wrap the two-spheres
x20
r2
+
x21+x
2
2
l2
= 1 and
x20
r2
+
x23+x
2
4
l˜2
= 1 respectively. We
will focus on configurations for which K ′ = 0 that correspond to the 1
2
-BPS strings studied
above. Configurations for which both K and K ′ are non-zero are 1
4
-BPS configurations of
intersecting strings. The function ZK,{la} ≡ ZK,0,{la} contains the information about the
string dynamics. If the factorization conditions hold and the string is decoupled from the
bulk at low energies, ZK,{la} is identifed with the S
2 partition function of the string worldsheet
theory. In these cases, one can use the identities (7.3) to transform all the Υb(x) functions
to Γ-matrices, which are the ”building blocks” of S2 partition functions. The weak→weak
condition can also be seen from the form of ZK,{la}. When the weak→weak conditions are
satisifed, ZK,{la} has a fixed number of Γ functions, independent of the partition {ka}. This
is a property of S2 partition functions expanded around the weakly coupled point. When the
weak→weak conditions are not satisifed, different terms in ZK,{la} contain different number
of Γ functions. This can happen for S2 partition functions expanded around some strongly
coupled point.10 Once ZK,{la} is found, we want to identify it with the S
2 partition function
of the string worldsheet theory under some 2d-4d map of parameters. In the next sections,
we will compute ZK,{la} for all the strings studied in sections 4, 5 and show that the results
agree with our suggestions for their worldsheet theories.
7.1 SU(N)2 × U(1)
In this section we will extract the worldsheet S2 partition functions for the strings studied
in section 4 and show that the results are consistent with the worldsheet theories presented
10See section (6.2.3) in [2] and section 7.2.2 for examples.
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in 4. The four-ellipsoid partition function for the SU(N)× SU(N)× U(1) theory is
ZS4b =
∫ (N−1∏
a=1
d(wa · aˆ1)
) (
N−1∏
a=1
d(wa · aˆ2)
)
daˆ′ e
− 16pi2
g21
aˆ1·aˆ1− 16pi2
g22
aˆ2·aˆ2− 8pi2
e2
aˆ′2+16ipi2ξˆaˆ′
∏
a6=b Υb (iwa · aˆ1 − iwb · aˆ1)∏N
a=1
∏N−1
i=0 Υb
(
iwa · aˆ1 + iciaˆ′ − iµˆi + Q2
) ∏a6=b Υb (iwa · aˆ2 − iwb · aˆ2)∏N
a=1
∏2N
i=N+1 Υb
(
iwa · aˆ2 + iciaˆ′ − iµˆi + Q2
)
N∏
a,b=1
1
Υb
(
iwa · aˆ1 + iwb · aˆ2 + icN aˆ′ − iµˆN + Q2
) |Zinst|2 .
(7.6)
The fully Higgsed vacuum and strings we are interested in are given by collecting the residues
from the following poles
iwa · aˆ1 + ica · aˆ′ − iµˆa + Q
2
+ kab = 0 , a = 1, ..., N − 1
iwa · aˆ2 + icN+a−1 · aˆ′ − iµˆN+a−1 + Q
2
+ kN+a−1b = 0 , a = 2, ..., N
iwN · aˆ1 + iw1 · aˆ2 + icN · aˆ′ − iµˆN + Q
2
+ kNb = 0 .
(7.7)
Summation over all the terms with fixed K =
∑2N−1
a=1 ka gives the contribution from the
string with winding number K, and the term with K = 0 gives the vacuum contribution.
It will be usefull to define
µ =
2N−1∑
i=1
µˆi , µ
′
a = µˆa −
µca
C
, k′a = ka −
Kca
C
, Q′a = Q
(
1− (2N − 1)ca
C
)
,
Ma = µ
′
a +
iQ′a
2
, M =
µ
C
+
i(2N − 1)Q
2C
, Ma = Ma − ibKca
C
.
(7.8)
In terms of these variables, the poles are given by
iaˆ′ = iM − Kb
C
iwa · aˆ1 = iMa − kab , iwa+1 · aˆ2 = iMN+a − kN+ab , a = 1, ..., N − 1 ,
iwN · aˆ1 = −
N−1∑
a=1
(iMa − ka) , iw1 · aˆ2 = −
N∑
a=2
(iMN+a−1 − kN+a−1) ,
(7.9)
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The contribution from this choice of poles with a fixed K =
∑2N−1
a=1 ka is
ZK =
∑
{ka}
e
− 8pi2
g21
(
∑N−1
i=1 (Mi+ikib)
2+(
∑N−1
i=1 (Mi+ikib))
2)− 8pi2
g22
(
∑2N−1
i=N+1(Mi+ikib)
2+(
∑2N−1
i=N+1(Mi+ikib))
2)
∏N−1
i=1
[
Υb
(
−∑N−1a=1 (iMa − kab)− iMi + kib)Υb (iMi − kib+∑N−1a=1 (iMa − kab))]∏N−1
i=0
[
Υb
(∑N−1
a=1 (−iMa + kab)− iMi
)∏N−1
a=1, a6=i Υb (iMa − kab− iMi)
]
∏N−1
i 6=j=1 Υb (i(Mi −Mj) + (kj − ki)b)∏N−1
i=1 Υb
(
iMi − kib−
∑N
a=2 (iMN+a−1 − kN+a−1b)− iMN
)
∏2N−1
i=N+1
[
Υb
(
−∑2N−1a=N+1 (iMa − kab)− iMi + kib)Υb (iMi − kib+∑2N−1a=N+1 (iMa − kab))]∏2N
i=N+1
[
Υb
(
−∑2N−1a=N+1 (iMa − kab)− iMi)∏2N−1a=N+1, a6=i Υb (iMa − kab− iMi)]∏2N−1
i 6=j=N+1 Υb (i(Mi −Mj) + (kj − ki)b)∏2N−1
i=N+1 Υb
(
−∑N−1a=1 (iMa − kab) + iMi − kib− iMN)Res
(
2N−1∏
i=1
Υb(−kib)
)−1
N−1∏
i=1
2N−1∏
j=N+1
1
Υb (iMi − kib+ iMj − kjb+ iMN) |Zinst|
2e
8pi2
e2C2
(iM−Kb)2+ 16pi2ξˆ
C
(iM−Kb) .
(7.10)
First, let us evaluate the vacuum contribution by plugging in K = 0:
Z0 =e
− 8pi2
g21
(
∑N−1
i=1 M
2
i +(
∑N−1
i=1 Mi)
2)− 8pi2
g22
(
∑2N−1
i=N+1M
2
i +(
∑2N−1
i=N+1Mi)
2)
Res
(
2N−1∏
i=1
Υb(0)
)−1
1
Υb
(
−∑N−1a=1 iMa − iM0)∏N−1i=1 Υb (iMi − iM0)
1
Υb
(
−∑2N−1a=N+1 iMa − iM2N)∏2N−1i=N+1 Υb (iMi − iM2N)
N−1∏
i=1
2N−1∏
j=N+1
1
Υb (iMi + iMj − iMN) |Zinst|
2e−
8pi2M2
e2C2
+ 16pi
2iξˆM
C .
(7.11)
Z0 describes the N
2 + 1 light hypermultiplets which are dynamical in the vacuum. Their
masses and R(R) charges can be read from the imaginary and real parts of the arguments
of the Υb functions. It is straight forward to check that these are in agreement with the
expectations from the classical analysis.
Now we will move on to evaluating ZK . Using the identities
Υb(x)
Υb(x− nb) =
n∏
r=1
γ(bx− rb2)
b2bx−2rb2−1
,
Υb(x+ nb)
Υb(x)
=
n−1∏
r=0
γ(bx+ rb2)
b2bx+2rb2−1
, (7.12)
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with
γ(x) =
Γ(x)
Γ(1− x) , (7.13)
the partition function can be written as
ZK =Res
(
2N−1∏
i=1
Υb(0)
)−1
e
8pi2
e2C2
(iM−Kb)2+ 16pi2ξˆ
C
(iM−Kb)∑
{ka}
2N−1∏
i=1
ki∏
r=1
γ(−rb2)
b−2rb2−1
|Z{ki}inst |2
e
− 8pi2
g21
(
∑N−1
i=1 (Mi+ikib)
2+(
∑N−1
i=1 (Mi+ikib))
2)− 8pi2
g22
(
∑2N−1
i=N+1(Mi+ikib)
2+(
∑2N−1
i=N+1(Mi+ikib))
2)
1
Υb
(∑N−1
j=0 (−iMj + kjb)
)∏N−1
j=1 Υb (iMj − iM0 + (k0 − kj)b)
1
Υb
(∑2N
j=N+1 (−iMj + kjb)
)∏2N−1
a=N+1 Υb (iMa − kab− iM2N)
N−1∏
i=1
2N−1∏
j=N+1
1
Υb (iMi − kib+ iMj − kjb− iMN)
N−1∏
i 6=j=1
ki∏
r=1
γ (ib(Mj −Mi) + (ki − kj)b2 − rb2)
b2ib(Mj−Mi)+2(ki−kj)b2−2rb2−1
2N−1∏
i 6=j=N+1
ki∏
r=1
γ (ib(Mj −Mi) + (ki − kj)b2 − rb2)
b2ib(Mj−Mi)+2(ki−kj)b2−2rb2−1
N−1∏
i=1
ki∏
r=1
γ
(
b
∑N−1
j=1 (−iMj + kjb)− ibMi + kib2
)
b2b
∑N−1
j=1 (−iMj+kjb)−2ibMi+2kib2−1
2N−1∏
i=N+1
ki∏
r=1
γ
(
b
∑2N−1
j=N+1(−iMj + kjb)− ibMi + kib2
)
b2b
∑2N−1
j=N+1(−iMj+kjb)−2ibMi+2kib2−1
kN∏
r=1
N−1∏
i=1
γ
(
ibMi − kib2 +
∑N−1
j=1 (ibMj − kjb2)− rb2
)
b2ibMi−2kib
2+2
∑N−1
j=1 (ibMj−kjb2)−2rb2−1
kN∏
r=1
2N−1∏
i=N+1
γ
(
ibMi − kib2 +
∑2N−1
j=N+1(ibMj − kjb2)− rb2
)
b2ibMi−2kib
2+2
∑2N−1
j=N+1(ibMj−kjb2)−2rb2−1
.
(7.14)
From this form of ZK we can easily derive the factorization condition
K(c0 − ci)
C
,
K
∑N−1
a=0 ca
C
,
K(c2N − cj)
C
,
K
∑2N
a=N+1 ca
C
,
K(ci + cj − cN)
C
∈ Z
{
i = 1, ..., N − 1
j = N + 1, ..., 2N − 1
(7.15)
When these conditions are satisfied, we can use (7.12) to write ZK
Z0
as a product of γ functions
which can be interpreted as some S2 partition function describing the string worldsheet
theory. Indeed, these are the same conditions as the conditions for no fractional size modes
as seen from equations (4.15), (4.16). Besides the factorization conditions, we also have
the weak→weak conditions. The worldsheet theory is weakly coupled when the number of
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γ-functions doesn’t depend on the partition {ki}, only on K. For this to be satisfied, we
demand
cN − ci − cj ≥ 0 ∀ 1 ≤ i ≤ N − 1 , N + 1 ≤ j ≤ 2N − 1 . (7.16)
In addition, we need to demand one of the following four possibilities
1. c0 ≥ ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj ≥ C , c2N ≥ ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj ≥ C.
2. c0 ≥ ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj ≥ C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
3. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N ≥ ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj ≥ C.
4. c0 < ci∀1 ≤ i ≤ N−1 ,
∑N−1
j=0 cj < C , c2N < ci∀N+1 ≤ i ≤ 2N−1 ,
∑2N
j=N+1 cj < C.
These are the same conditions found using the classical zero modes analysis, see equation
(4.18) and the list right after. Assuming that the conditions are satisfied, the result for ZK
that we get is
ZK = Z0ZoverallZS2,K , ZS2,K = Z
(K)
dec Z
(K)
charged , (7.17)
where Zoverall contains overall factors that are interpreted as regularization ambiguities, see
the discussion at the end of section (4) in [2]. The factors Z
(K)
dec and Z
(K)
charged are
Z
(K)
dec =
N−1∏
i=1
2N−1∏
j=N+1
(cN−ci−cj)K
C∏
r=1
γ
(
ib(Mi +Mj −MN)− rb2
)
I
(d)
0 I
(d)
2N ,
I
(d)
0 (cases 1,2) =
K
C
∑N−1
j=0 cj−K∏
r=1
γ
(
−ib
N−1∑
j=0
Mj − rb2
)
N−1∏
i=1
(c0−ci)K
C∏
r=1
γ
(
ibMi − ibM0 − rb2
)
,
I
(d)
0 (cases 3,4) =
−K
C
∑N−1
j=0 cj−1∏
r=0
γ
(
1 + ib
N−1∑
j=0
Mj − rb2
)
N−1∏
i=1
(ci−c0)K
C
−K−1∏
r=0
γ
(
1 + ibM0 − ibMi − rb2
)
,
I
(d)
2N (cases 1,3) =
K
C
∑2N
j=N+1 cj−K∏
r=1
γ
(
−ib
2N∑
j=N+1
Mj − rb2
)
2N−1∏
i=N+1
(c2N−ci)K
C∏
r=1
γ
(
ibMi − ibM2N − rb2
)
,
I
(d)
2N (cases 2,4) =
−K
C
∑2N
j=N+1 cj−1∏
r=0
γ
(
1 + ib
2N∑
j=N+1
Mj − rb2
)
2N−1∏
i=N+1
(ci−c2N )K
C
−K−1∏
r=0
γ
(
1 + ibM2N − ibMi − rb2
)
,
(7.18)
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and
Z
(K)
charged =
∑
{ka}
e
− 8pi2
g21
(
∑N−1
i=1 (Mi+ikib)
2+(
∑N−1
i=1 (Mi+ikib))
2)− 8pi2
g22
(
∑2N−1
i=N+1(Mi+ikib)
2+(
∑2N−1
i=N+1(Mi+ikib))
2)
I
(c)
0 I
(c)
2N
N−1∏
i=1
2N−1∏
j=N+1
ki+kj∏
r=1
γ
(
ib(Mi +Mj −MN)− rb2
) N−1∏
i 6=j=1
ki∏
r=1
γ
(
ib(Mj −Mi) + (ki − kj)b2 − rb2
)
2N−1∏
i 6=j=N+1
ki∏
r=1
γ
(
ib(Mj −Mi) + (ki − kj)b2 − rb2
)N−1∏
i=1
ki∏
r=1
γ
(
b
N−1∑
j=1
(−iMj + kjb)− ibMi + kib2 − rb2
)
kN∏
r=1
N−1∏
i=1
γ
(
ibMi − kib2 +
N−1∑
j=1
(ibMj − kjb2)− rb2
)
kN∏
r=1
2N−1∏
i=N+1
γ
(
ibMi − kib2 +
2N−1∑
j=N+1
(ibMj − kjb2)− rb2
)
2N−1∏
i=N+1
ki∏
r=1
γ
(
b
2N−1∑
j=N+1
(−iMj + kjb)− ibMi + kib2 − rb2
)
2N−1∏
i=1
ki∏
r=1
γ(−rb2)|Z{ki}inst |2 ,
(7.19)
with
I
(c)
0 (cases 1,2) =
∑2N−1
j=N kj∏
r=1
γ
(
−ib
N−1∑
j=0
Mj +Kb2 − rb2
)
N−1∏
i=1
ki∏
r=1
γ
(
ibMi − ibM0 − rb2
)
,
I
(c)
0 (cases 3,4) =
∑N−1
j=0 kj∏
r=1
γ
(
1 + ib
N−1∑
j=0
Mj − (r − 1)b2
)
N−1∏
i=1
K−ki−1∏
r=0
γ
(
1 + ibM0 − ibMi + (K − r)b2
)
,
I
(c)
2N(cases 1,3) =
∑N
j=1 kj∏
r=1
γ
(
−ib
2N∑
j=N+1
Mj + (K − r)b2
)
2N−1∏
i=N+1
ki∏
r=1
γ
(
ibMi − ibM2N − rb2
)
,
I
(c)
2N(cases 2,4) =
∑2N
j=N+1 kj∏
r=1
γ
(
1 + ib
2N∑
j=N+1
Mj − (r − 1)b2
)
2N−1∏
i=N+1
K−ki−1∏
r=0
γ
(
1 + ibM2N − ibMi + (K − r)b2
)
.
(7.20)
For K = 1, up to an overall factor, and ignoring instantons, Z
(1)
charged in case(1) takes the
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form
Z
(1)
charged
γ(−b2) =
N−1∏
i=1
γ
(
ibMi + ib
N−1∑
j=1
Mj − b2
)
2N−1∏
i=N+1
γ
(
ibMi + ib
2N−1∑
j=N+1
Mj − b2
)
γ
(
−ib
N−1∑
j=0
Mj
)
γ
(
−ib
2N∑
j=N+1
Mj
)
+
N−1∑
J=1
e
− 16pi2ib
g21
(MJ+
∑N−1
i=1 Mi+ib)
2N−1∏
i=N+1
γ
(
ib(Mi +MJ −MN)− b2
) N−1∏
j 6=J=1
γ (ib(Mj −MJ))
γ
(
−ib
N−1∑
j=1
Mj − ibMJ + b2
)
γ
(
ibMJ − ibM0 − b2
)
γ
(
−ib
2N∑
j=N+1
Mj
)
+
2N−1∑
J=N+1
e
− 16pi2ib
g22
(MJ+
∑2N−1
i=N+1Mi+ib)
N−1∏
i=1
γ
(
ib(Mi +MJ −MN)− rb2
) 2N−1∏
j 6=J=N+1
γ (ib(Mj −MJ))
γ
(
−ib
2N−1∑
j=N+1
Mj − ibMJ + b2
)
γ
(
−ib
N−1∑
j=0
Mj
)
γ
(
ibMJ − ibM2N − b2
)
.
(7.21)
For case 2, it is the same, multiplied by an overall
γ
(
1 + ib
2N∑
j=N+1
Mj
)
2N−1∏
i=N+1
γ
(
1 + ibM2N − ibMi + b2
)
. (7.22)
For case 3, it is the same, multiplied by an overall
γ
(
1 + ib
N−1∑
j=0
Mj
)
N−1∏
i=1
γ
(
1 + ibM0 − ibMi + b2
)
. (7.23)
For case 4, it is the same, multiplied by an overall
γ
(
1 + ib
2N∑
j=N+1
Mj
)
2N−1∏
i=N+1
γ
(
1 + ibM2N − ibMi + b2
)
γ
(
1 + ib
N−1∑
j=0
Mj
)
N−1∏
i=1
γ
(
1 + ibM0 − ibMi + b2
)
.
(7.24)
The expressions derived here for Z
(K)
dec coincide with the S
2 partition function of the decoupled
size modes. For K = 1, these are the η and η˜ fields of section 4.1 for case 1 and 4.2 for
case 2. Z
(1)
charged for case 1 coincides with the S
2 partition function of the U(1)×U(1) GLSM
whose matter content consists of the chiral fields X and ψ±I described in table 1. Similarly,
for case 2, Z
(1)
charged coincides with the S
2 partition function of the U(1)×U(1) GLSM whose
matter content consists of the chiral fields X, ψ±I and χ described in section 4.2. Cases 3,4
can be treated exactly the same. The computations of the relevant S2 partition functions
and the exact matchings are presented in appendix A.
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7.2 SU(2)n × U(1)
In this section we will extract the worldsheet S2 partition functions for the strings studied
in section 5 and show that the results are consistent with the worlsheet theories presented
in 5. The four-ellipsoid partition function for the SU(2)n × U(1) theory is
ZS4b =
∫
dnaˆI daˆ
′ ∏
I
e
− 16pi2
g2
I
aˆ2I
e−
4pi2
e2
aˆ′2e16ipi
2ξˆaˆ′
∏
I
Υb (2iaˆI) Υb (−2iaˆI) |Zinst(aˆ, aˆ′, cj, µˆj)|2(
Υb
(
iaˆ1 + i(c0aˆ
′ − µˆ0) + Q
2
)
Υb
(
−iaˆ1 + i(c0aˆ′ − µˆ0) + Q
2
))−1
(
Υb
(
iaˆ1 + i(c1aˆ
′ − µˆ1) + Q
2
)
Υb
(
−iaˆ1 + i(c1aˆ′ − µˆ1) + Q
2
))−1
(
n+2∏
j=n+1
Υb
(
iaˆn + i(cj aˆ
′ − µˆj) + Q
2
)
Υb
(
−iaˆn + i(cj aˆ′ − µˆj) + Q
2
))−1
n∏
I=2
(
Υb
(
iaˆI + iaˆI−1 + i(cI aˆ′ − µˆI) + Q
2
)
Υb
(
−iaˆI + iaˆI−1 + i(cI aˆ′ − µˆI) + Q
2
))−1
n∏
I=2
(
Υb
(
iaˆI − iaˆI−1 + i(cI aˆ′ − µˆI) + Q
2
)
Υb
(
−iaˆI − iaˆI−1 + i(cI aˆ′ − µˆI) + Q
2
))−1
.
(7.25)
The poles that give the baryonic chain studied in section 5 are given by
iaˆ1 + i(c1aˆ
′ − µˆ1) + Q
2
= −k1b , −iaˆn + i(cn+1aˆ′ − µˆn+1) + Q
2
= −kn+1b
iaˆI − iaˆI−1 + i(cI aˆ′ − µˆI) + Q
2
= −kIb ∀ 2 ≤ I ≤ n .
(7.26)
We will denote
µˆ =
n+1∑
I=1
µˆI , µ
′
I = µˆI −
µˆcI
C
, k′I = kI −
KcI
C
, r′I = Q
(
1− (n+ 1)cI
C
)
,
MI = µ
′
I +
ir′I
2
, MI = MI − ibKcI
C
, M =
µˆ
C
+
i(n+ 1)Q
2C
,
n+1∑
I=1
MI = −iKb .
(7.27)
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The residues of the poles (7.26) are given by
Z{kI} =b
(3K−kn+1−k1)(1+b2)−b2
∑n+1
I=1 k
2
I−b2(k21+k2n+1)+4ib
∑n+1
I=1 kIMI∏
I
e
− 16pi2
g2
I
(
∑I
J=1(MJ+ikJb))2
e−
4pi2
e2
(M+iKb/C)2e16ipi
2ξˆ(M+iKb/C)|Zinst|2Res (Υb(0))−(n+1)
(Υb (iM1 − iM0 − k1b) Υb (iMn+1 − iMn+2 − kn+1b))−1
n+1∏
I=1
kI∏
m=1
γ(−mb2)
(Υb (−iM0 − iM1 + k1b) Υb (−iMn+2 − iMn+1 + kn+1b))−1
n∏
I=2
(Υb (−2iMI + kIb))−1
n∏
I=1
kI∏
m=1
γ
(
−2ib
I∑
J=1
(MJ + ikJb)−mb2
)
n∏
I=1
kI+1∏
m=1
γ
(
2ib
I∑
J=1
(MJ + ikJb)−mb2
)
.
(7.28)
The vacuum of the theory is given by plugging in kI = 0. This results in
Z0 =
∏
I
e
− 16pi2
g2
I
(
∑I
J=1MJ )
2
e−
4pi2
e2
M2e16ipi
2ξˆM |Zinst|2Res (Υb(0))−(n+1)
n∏
I=2
(Υb (−2iMI))−1
(Υb (iM1 − iM0) Υb (iMn+1 − iMn+2) Υb (−iM0 − iM1) Υb (−iMn+2 − iMn+1))−1 .
(7.29)
This is the partition function of the n+ 3 light hypermultiplets with the correct masses
and R-charges. The conditions for factorization can read easily from the arguments of the
Υb(x) functions, and result in
(c0 ± c1)K
C
,
(cn+2 ± cn+1)K
C
,
2cIK
C
∈ Z ∀2 ≤ I ≤ n . (7.30)
These are the same conditions derived from classical size modes analysis (5.11).
7.2.1 Weakly coupled worldsheet theories
Assuming the conditions are satisfied, we can write the worldsheet theory partition function.
We will start from strings satisfying the conditions
c0 ≥ c1 , c0 + c1 ≥ C , cn+2 ≥ cn+1 , cn+2 + cn+1 ≥ C , 2cI ≥ C ∀ 2 ≤ I ≤ n . (7.31)
These are the weak→weak conditions analysed in section 5. Ignoring the instantons and
some overall factors, we get
Z{kI}
Z{0}
= Z
(K)
chargedZ
(K)
dec , (7.32)
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with
Z
(K)
dec =
(c0−c1)K
C∏
m=1
γ(ibM1 − ibM0 −mb2)
(c0+c1)K
C
−K∏
m=1
γ(−ibM1 − ibM0 −mb2)
n∏
I=2
2cIK/c−K∏
m=1
γ(−2ibMI −mb2)
(cn+2−cn+1)K
C∏
m=1
γ(ibMn+1 − ibMn+2 −mb2)
(cn+2+cn+1)K
C
−K∏
m=1
γ(−ibMn+1 − ibMn+2 −mb2) ,
(7.33)
and
Z
(K)
charged =
∏
I
e
16pi2
g2
I
(
b2(
∑I
J=1 kJ)
2−2ib∑IJ,J′=1MJkJ′) n+1∏
I=1
kI∏
m=1
γ(−mb2)
n∏
I=1
kI+1∏
m=1
γ
(
2ib
I∑
J=1
(MJ + ikJb)−mb2
)
k1∏
m=1
γ
(
ibM1 − ibM0 −mb2
) kn+1∏
m=1
γ
(
ibMn+1 − ibMn+2 −mb2
)
K−k1∏
m=1
γ
(−ibM1 − ibM0 −mb2 + b2K) n∏
I=2
K−kI∏
m=1
γ(−2ibMI −mb2 + b2K)
K−kn+1∏
m=1
γ
(−ibMn+1 − ibMn+2 −mb2 + b2K) n∏
I=1
kI∏
m=1
γ
(
−2ib
I∑
J=1
(MJ + ikJb)−mb2
)
.
(7.34)
For K = 1 it simplifies to
Z
(1)
charged
γ(−b2) = γ
(
2ib
n∑
J=1
MJ − b2
)
γ
(
ibMn+1 − ibMn+2 − b2
)
γ (−ibM1 − ibM0)
n∏
I=2
γ(−2ibMI)
+
∏
I
e
16pi2
g2
I
(b2−2ib
∑I
J=1MJ)
γ
(
ibM1 − ibM0 − b2
)
γ (−ibMn+1 − ibMn+2) γ
(−2ibM1 + b2) n∏
I=2
γ(−2ibMI)
+
n∑
l=2
n∏
I=l
e
16pi2
g2
I
(b2−2ib
∑I
J=1MJ)
γ (−ibM1 − ibM0) γ (−ibMn+1 − ibMn+2)
γ
(
−2ib
l∑
J=1
MJ + b2
)
γ
(
2ib
l−1∑
J=1
MJ − b2
)
n∏
I=2,I 6=l
γ (−2ibMI) .
(7.35)
The expression derived here for Z
(K)
dec coincides with the S
2 partition function of the decoupled
size modes. For K = 1, these are the η fields of table 4. Z
(1)
charged coincides with the S
2
partition function of the U(1)n GLSM whose matter content consists of the chiral fields X
and ψ±I described in table 4. The computations of the relevant S
2 partition functions and
the exact matchings are presented in appendix A.
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7.2.2 S-dual strings
In this section we will compute the partition function for strongly coupled wordlsheet theories
which are S-dual to the strings studied in the previous section. We will start from the case
described in section 6.2, in which the charges satisfy
c0 < c1 , c0 + c1 ≥ C , cn+2 ≥ cn+1 , cn+2 + cn+1 ≥ C , 2c2 < C , 2cI ≥ C ∀ 3 ≤ I ≤ n .
(7.36)
For Simplicity we will derive the worldsheet partition function in the case of two SU(2)
factors. The generalization to higher number of SU(2)s is straight forward. For K = 1, the
worldsheet partition function is
Z
(K=1)
{kI}
Z{0}
= ZdecZcharged , (7.37)
where
Zdec = γ(−b2)
(c1−c0)K
C
−K−1∏
m=0
γ(1− ibM1 + ibM0 −mb2)
(c4−c3)K
C∏
m=1
γ(ibM3 − ibM4 −mb2)
(c0+c1)K
C
−K∏
m=1
γ(−ibM1 − ibM0 −mb2)
(c4+c3)K
C
−K∏
m=1
γ(−ibM3 − ibM4 −mb2)
−2c2K/C−1∏
m=0
γ(1 + 2ibM2 −mb2) ,
(7.38)
and
Zcharged = γ (−ibM3 − ibM4)
[
γ
(
−2ib
2∑
J=1
MJ + b2
)
γ
(
2ibM1 − b2
)
γ (−ibM1 − ibM0)
γ
(
1− ibM1 + ibM0 + b2
)
γ (1 + 2ibM2) + e
16pi2
g21
(b2−2ibM1)
γ
(−2ibM1 + b2)]
+ e
16pi2
g22
(b2−2ibM3)
γ
(
2ib
2∑
J=1
MJ − b2
)
γ
(
1− ibM1 + ibM0 + b2
)
γ
(
ibM3 − ibM4 − b2
)
γ (−ibM1 − ibM0) .
(7.39)
Zdec coincides with the S
2 partition function of the decoupled modes X and η of table 6.
Zcharged coincides with the S
2 partition function of the U(1)2 GLSM whose matter content
consists of the ψ±1,2,3 of table 6. The computation of the relevant S
2 partition function and
the exact mapping of parameters appear in appendix A.
7.3 Generalized quiver localization
In this section we will study the G = SU(2)3 theory with two fundamentals for every SU(2)
and one trifundamental. We will denote the masses and U(1) charges of the six fundamental
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fields by µIs, cIs with I = 1, 2, 3 and s = ±. The trifundamental field is massless and U(1)
invariant. The S4 partition function reads
ZS4b =
∫
d3aˆI daˆ
′ ∏
I
e
− 16pi2
g2
I
aˆ2I
e−
4pi2
e2
aˆ′2e16ipi
2ξˆaˆ′
∏
I
Υb (2iaˆI) Υb (−2iaˆI) |Zinst(aˆ, aˆ′, cj, µˆj)|2
3∏
I=1
∏
s=±
(
Υb
(
iaˆI + i(cIsaˆ
′ − µˆIs) + Q
2
)
Υb
(
−iaˆI + i(cIsaˆ′ − µˆIs) + Q
2
))−1
(
Υb
(
iaˆ1 + iaˆ2 + iaˆ3 +
Q
2
)
Υb
(
−iaˆ1 + iaˆ2 + iaˆ3 + Q
2
))−1
(
Υb
(
iaˆ1 − iaˆ2 + iaˆ3 + Q
2
)
Υb
(
−iaˆ1 − iaˆ2 + iaˆ3 + Q
2
))−1
.
(7.40)
We are interested in the poles
−iaˆI + i(cI+aˆ′ − µˆI+) + Q
2
= −kIb , i
∑
I
aˆI +
Q
2
= −k4b (7.41)
which are solved by
aˆ′ =
iKb
C
+
2iQ
C
+
µ
C
, aˆI = −MI+ − ikIb , (7.42)
with
µ =
∑
I
µˆI+ , µ
′
I± = µI± −
µcI±
C
, MI± = µ′I± +
iQ
2
− 2iQcI±
C
, MI± = MI± − iKbcI±
C
.
(7.43)
The result is
ZK =
∑
{ka}
∏
I
e
− 16pi2
g2
I
(MI++ikIb)2
e−
4pi2
e2C2
(µ+iQ+iK)2e
16ipi2ξˆ
C
(µ+iQ+iK)
∣∣∣Z(ka)inst ∣∣∣2 4∏
a=1
Res
(
1
Υb(−kab)
)
3∏
I=1
[
bkI+k4+b
2kI(kI+1)+b
2k4(k4+1)+4ib(kI−k4)(MI++ikIb)
kI∏
r=1
γ
(−2ibMI+ + 2b2kI − rb2)]
3∏
I=1
[
k4∏
r=1
γ
(
2ibMI+ − 2b2kI − rb2
)
(Υb (−iMI+ − iMI− + kIb) Υb (iMI+ − iMI− − kIb))−1
]
.
(7.44)
Lets start from the vacuum described by taking K = 0. The result is
Z0 =
∏
I
e
− 16pi2
g2
I
M2I+
e−
4pi2
e2C2
(µ+iQ)2e
16ipi2ξˆ
C
(µ+iQ)Res
(
1
Υb(0)
)4
3∏
I=1
[Υb (−iMI+ − iMI−)]−1
3∏
I=1
[Υb (iMI+ − iMI−))]−1 .
(7.45)
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Z0 describes the six light hypermultiplets in the vacuum.
For K = 1, the contribution is
Z1 =
3∑
J=1
∏
I
e
− 16pi2
g2
I
(MI++ibδIJ )2
e−
4pi2
e2C2
(µ+iQ+i)2e
16ipi2ξˆ
C
(µ+iQ+i)
∣∣∣Z(kJ=1)inst ∣∣∣2Res( 1Υb(0)
)4
γ(−b2)b2+4ibMJ+
γ
(−2ibMJ+ + b2) 3∏
I=1
[Υb (−iMI+ − iMI− + δIJb)]−1
3∏
I=1
[Υb (iMI+ − iMI− − δIJb)]−1 +
+
∏
I
e
− 16pi2
g2
I
(MI+)2
e−
4pi2
e2C2
(µ+iQ+i)2e
16ipi2ξˆ
C
(µ+iQ+i)
∣∣∣Z(k4=1)inst ∣∣∣2Res( 1Υb(0)
)4
b2b
2+2γ(−b2)
3∏
I=1
γ
(
2ibMI − b2
) 3∏
I=1
[Υb (−iMI+ − iMI−)]−1
3∏
I=1
[Υb (iMI+ − iMI−))]−1 .
(7.46)
Z1 factorizes if
cI++cI−
C
∈ Z ∀I = 1, 2, 3. Using the identities (7.12), one can write the
expression for Z1
Z0
and see that there is no choice of charges such that the number of γ
functions is independent of the partition {ka}. This means that the generalized quiver string
is inherently strongly coupled due to the trifundamental matter. In order to simplify the
expressions, we will assume that the S-dual string is weakly coupled such that the dual
charges satisfy
2c2,3 ≥ C , c0 ≥ c1 , c5 ≥ c4 , c0 + c1 ≥ C , c5 + c4 ≥ C . (7.47)
The charges of the generalized quiver are related to these charges via the transformation
c1− = c0 , c1+ = c1 , c3− = c5 , c3+ = c4 , c2± = c2 ± c3 . (7.48)
Therefore they satisfy
c1,3− ≥ c1,3+ , c1,3− + c1,3+ ≥ C , c2+ ± c2− ≥ C . (7.49)
For charges satisfying (7.49), we can write
Z1 = Z0ZdecoupledZcharged , (7.50)
where
Zdecoupled = γ(−b2)
3∏
I=1
cI++cI−
C
−1∏
r=1
γ
(−ibMI+ − ibM ′I− − rb2)
c2+−c2−
C
−2∏
r=0
γ
(
1− ibM2+ + ibM2− − rb2
) ∏
I=1,3
cI−−cI+
C∏
r=1
γ
(
ibMI+ − ibMI+ − rb2
)
,
(7.51)
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and
Zcharged = e
− 16pi2
g21
(2ibM1+−b2)
γ
(−2ibM1+ + b2) ∏
I=2,3
γ (−ibMI+ − ibMI−)
γ
(
ibM1+ − ibM1− − b2
)
γ
(
1 + ibM2− − ibM2+ + b2
)
+ (1↔ 3)+
+ e
− 16pi2
g22
(2ibM2+−b2)
γ
(−2ibM2+ + b2) ∏
I=1,3
γ (−ibMI+ − ibMI−) +
+
3∏
I=1
[
γ
(
2ibMI+ − b2
)
γ (−ibMI+ − ibMI−)
]
γ
(
1 + ibM2− − ibM2+ + b2
)
.
(7.52)
Zdecoupled describes the decoupled fields X and η of table 7 while Zcharged describes the
partition function of the U(1)3 GLSM with the charged fields ψ of table 7. The agreement
with the relevant S2 partition function is shown in appendix A.
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A Computations of S2 partition functions
In this appendix, we will use the results of [35] for S2 partition functions to show agreement
between the expressions derived in section 7 and the corresponding S2 partition functions.
The S2 partition functions we obtain are functions of za = e
2piita where ta are the complex
FI parameters, and of the dimensionless complex masses m = lM + i
2
R. Here M, R are the
mass and R-charge of the chiral multiplet, and l is the radius of the sphere.11 The relation
between the su(1|1) superalgebra of the two-dimensional theory and the su(1|1) superalgebra
of the four-dimensional theory preserved by the string enables us to make the identification
m = bM4d +
i(1 + b2)
2
R(R) − ib
2
2
R(J) . (A.1)
The dependence of the expressions derived in section 7 on b allows us to distinguish between
the two R-charges and find agreement for each one of them seperately.
11More precisely, we compute partition functions on the squashed sphere given by
x20
r2 +
x21+x
2
2
l2 = 1. However,
the partition function doesn’t depend on r and is equivalent to the partition function computed on a round
sphere of radius l.[36]
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A.1 SU(N)2 quiver
A.1.1 No q˜ excitations
In this section we will compute the S2 partition function of U(1)×U(1) gauge theory with 4
chiral multiplets with charges (±1, 0), (0,±1) and masses m±0,N and 2(N−1) chiral multiplets
with charges (±1,∓1) and masses m±I , I = 1, ..., N − 1. We will show that this agrees with
(7.21) under some 2d-4d map of parameters. Ignoring instantons, the partition function is
ZS2 =
∫
d2σa
(2pi)2
2∏
a=1
(zaz¯a)
iσa
N−1∏
I=1
[
γ(−iσ1 + iσ2 − im+I )γ(iσ1 − iσ2 − im−I )
]
γ(−iσ1 − im+0 )γ(iσ1 − im−0 )γ(−iσ2 − im+N)γ(iσ2 − im−N) .
(A.2)
Here za = e
2piita where ta are the complexified FI parameters. We can close the contours
of integrations over σa in the complex plane and obtain the partition function in the Higgs
branch representation, given by
ZS2 =
N−1∑
j=1
|z1|−2im+0 |z2|−2i(m−J +m+0 )
N−1∏
I=1, I 6=J
[
γ(−im−J − im+I )γ(im−J − im−I )
]
γ(−im+0 − im−0 )γ(im+0 + im−J − im+N)γ(−im+0 − im−J − im−N)γ(−im−J − im+J )
+
N−1∑
j=1
|z1|−2i(m
+
j +m
+
N )|z2|−2im+N
N−1∏
I=1, I 6=J
[
γ(im+J − im+I )γ(−im+J − im−I )
]
γ(im+J + im
+
N − im+0 )γ(−im+J − im+N − im−0 )γ(−im+N − im−N)γ(−im+J − im−J )
+ |z1|−2im+0 |z2|−2im+N
N−1∏
I=1
[
γ(im+0 − im+N − im+I )γ(im+N − im+0 − im−I )
]
γ(−im+0 − im−0 )γ(−im+N − im−N) .
(A.3)
There is an agreement with (7.21) if
m+0 +m
−
0 = b
N−1∑
j=0
Mj , m+N +m
−
N = b
2N∑
j=N+1
Mj , m+J +m
+
N +m
−
0 = bM0 − bMJ − ib2 ,
m−J +m
−
N +m
+
0 = bM2N − bMN+J − ib2 , m+N −m+0 −m−J = b
2N−1∑
j=N+1
Mj + bMN+J + ib2 ,
m−J +m
+
I = b(MN −MI −MN+J)− ib2 , m+0 −m+N −m+J = b
N−1∑
j=1
Mj + bMJ + ib2
m−J +m
+
I = b(MN −MI −MN+J)− ib2 , m−J −m−I = b(MN+I −MN+J) , m+J −m+I = b(MI −MJ) ,
(A.4)
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together with
ta = τa . (A.5)
This is solved by choosing up to gauge transformations
m−0 = bM0 , m−N = bM2N , m
+
0 = b
N−1∑
j=1
Mj , m+N = b
2N−1∑
j=N+1
Mj ,
m+J = −bMJ − ib2 − b
2N−1∑
j=N+1
Mj , m−J = −bMN+J − ib2 − b
N−1∑
j=1
Mj .
(A.6)
From the definition of M, we can write the explicit expressions
m−0 = bµ
′
0 +
i(1 + b2)
2
(
1− (2N − 1)c0
C
)
− ib
2
2
2c0
C
m−N = bµ
′
2N +
i(1 + b2)
2
(
1− (2N − 1)c2N
C
)
− ib
2
2
2c2N
C
m+0 =
N−1∑
j=1
(
bµ′j + ibQ/2−
ibQ(2N − 1)cj
2C
− ib
2cj
C
)
m+N =
2N−1∑
j=N+1
(
bµ′j + ibQ/2−
ibQ(2N − 1)cj
2C
− ib
2cj
C
)
m+J = −bµ′J −
ibQ
2
+
ibQ(2N − 1)cJ
2C
+
ib2cJ
C
− ib2 −
2N−1∑
j=N+1
(
bµ′j +
ibQ
2
− ibQ(2N − 1)cj
2C
− ib
2cj
C
)
m−J = −bµ′N+J −
ibQ
2
+
ibQ(2N − 1)cN+J
2C
+
ib2cN+J
C
− ib2 −
N−1∑
j=1
(
bµ′j +
ibQ
2
− ibQ(2N − 1)cj
2C
− ib
2cj
C
)
.
(A.7)
Using the relation (A.1), we can extract the masses and R-charges of the different fields and
check agreement with the table 1.
A.1.2 Including q˜ excitations
In the previous section we studied only the case without q˜ excitations. We can have a weakly
coupled theory with q˜ excitations. These are cases 2,3,4 from the list right after (4.18). The
worldsheet theory will be very similar to that of case (1), but with additional neutral fields
coupled to the charged fields via a superpotential. The S2 partition function is independent
of the superpotential coefficients. This means that when adding these fields we just need to
multiply the partition function by the partition function of the neutral fields. In case (2),
this factor is
Zχ = γ
(
1 + ib
2N∑
j=N+1
Mj
)
2N−1∏
i=N+1
γ
(
1 + ibM2N − ibMi + b2
)
. (A.8)
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These are the neutral fields χ2N and χi with i = N+1, ..., 2N−1 that are described in 4.2 . In
addition, we replace η2N,j,r and η2N,N,r with η˜2N,j,r j = N+1, ..., 2N−1 r = 1, ..., (ci−c2N )KC −K
and η˜2N,N,r r = 1, ...,−KC
∑2N
j=N+1 cj as described in 4.2. These changes of the partition
function are exactly captured by the change in the I2N factor of equations (7.17),(7.20)
when moving from case (1) to case (2).
A.2 Weakly coupled SU(2)n strings
In this section we compute the S2 partition function of a U(1)n GLSM with 4 chiral multiplets
with charges (±1, 0, ...), (..., 0,∓1) and masses m±1,n+1, and 2(n − 1) chiral multiplets with
charges (0, , ..., 0,
I−1︷︸︸︷
∓1 ,
I︷︸︸︷
±1 , 0, ..., 0) and masses m±I , I = 2, ..., n, and 1 neutral field with
mass mX . Ignoring instantons, the partition function is
ZS2 =
∫
dnσa
(2pi)n
n∏
a=1
(zaz¯a)
iσa
Γ (−imX)
Γ (1 + imX)
n∏
I=2
Γ
(−iσI + iσI−1 − im+I )
Γ
(
1 + iσI − iσI−1 + im+I
) Γ (iσI − iσI−1 − im−I )
Γ
(
1− iσI + iσI−1 + im−I
)
Γ
(−iσ1 − im+1 )
Γ
(
1 + iσ1 + im
+
1
) Γ (iσ1 − im−1 )
Γ
(
1− iσ1 + im−1
) Γ (−iσn − im−n+1)
Γ
(
1 + iσn + im
−
n+1
) Γ (iσn − im+n+1)
Γ
(
1− iσn + im+n+1
) .
(A.9)
Again, upon closing the σa integral in the complex plane, we get
ZS2 =
n+1∑
l=1
l−1∏
a=1
(zaz¯a)
−i∑ab=1m+b n∏
a=l
(zaz¯a)
−i∑n+1b=a+1m−b γ (−imX)
n+1∏
I=1,I 6=l
γ
(−im+I − im−I )×
γ
(
i
n+1∑
J=l+1
m−J − i
l∑
J=1
m+J
)
γ
(
i
l−1∑
J=1
m+J − i
n+1∑
J=l
m−J
)
.
(A.10)
We find agreement with (7.35) for
mX = −ib2 , m+I +m−I = 2bMI , m+1 +m−1 = bM1 + bM0 , m+n+1 +m−n+1 = bMn+1 + bMn+2
n+1∑
a=1
m−a = b(M0 −M1)− ib2 ,
n+1∑
a=1
m+a = b(Mn+2 −Mn+1)− ib2
(A.11)
This is solved up to gauge transformations by
m−1 = bM0 , m−l>1 = bMl , m
+
n+1 = bMn+2 , m+l<n+1 = bMl . (A.12)
Using the relation (A.1), we can extract the masses and R-charges of the different fields and
check agreement with the table 4.
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A.3 S-dual strings
A.3.1 Linear quiver
In this section we will compute the S2 partition function for the worldsheet theories described
in 6 and show agreement with the results obtained from S4b partition function. Due to the
weak→ strong mapping of parameters za ≡ e2piita = 1− e2piiτa for some a, we want to expand
the partition function around 1 − za. In [2] it was shown that the partition function of a
U(1) GLSM with 2 chirals with charge +1 and masses m+1 , m
−
2 and two chirals with charge
−1 and masses m−1 , m+2 at leading order in 1− z1 is
Z =
|1− z1|2+2i(m+1 +m−2 +m−1 +m+2 )
γ
(
2 + i(m+1 +m
−
2 +m
−
1 +m
+
2 )
)
+
γ
(−im+1 − im−1 ) γ (−im+1 − im+2 ) γ (−im−2 − im−1 ) γ (−im−2 − im+2 )
γ
(−i(m+1 +m−2 +m−1 +m+2 )) .
(A.13)
To compare with 7.39, we need to add two more fields with masses m±3 and gauge another
U(1) under which m±2 have charges ±1 while m±3 have charges ∓1. The leading order
partition function becomes
Z =
∫
dσ(z2z¯2)
iσγ(−im+3 + iσ)γ(−im−3 − iσ)
[
|1− z1|2+2i(m+1 +m−2 +m−1 +m+2 )
γ
(
2 + i(m+1 +m
−
2 +m
−
1 +m
+
2 )
)
+
γ
(−im+1 − im−1 ) γ (−im+1 − im+2 − iσ) γ (−im−2 − im−1 + iσ) γ (−im−2 − im+2 )
γ
(−i(m+1 +m−2 +m−1 +m+2 ))
]
=(z2z¯2)
−im−3 γ(−im+3 − im−3 )
[
|1− z1|2+2i(m+1 +m−2 +m−1 +m+2 )
γ
(
2 + i(m+1 +m
−
2 +m
−
1 +m
+
2 )
)
+
γ
(−im+1 − im−1 ) γ (−im+1 − im+2 + im−3 ) γ (−im−2 − im−1 − im−3 ) γ (−im−2 − im+2 )
γ
(−i(m+1 +m−2 +m−1 +m+2 ))
]
+
+(z2z¯2)
−im+1 −im+2 γ(−im+3 − im+1 − im+2 )γ(−im−3 + im+1 + im+2 )γ
(−im+1 − im−1 ) γ (−im−2 − im+2 ) .
(A.14)
There is an agreement with 7.39 (up to an overall factor which is interpreted as counterterm)
under the mapping
m+3 +m
−
3 = bM3 + bM4
m+1 +m
−
1 = bM1 + bM0
m+2 +m
−
2 = bM1 −M0 + i(1 + b2)
m+1 +m
+
2 −m−3 = 2b(M1 +M2) + ib2
e2piit1 = 1− e2piiτ1 , t2 = τ2 .
(A.15)
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Up to gauge transformations, this can be solved by
m+3 = bM4 , m−3 = bM3 , m±1 =
b
2
(M1 +M0)± bM2 ∓ i(1 + b
2)
2
, m±2 =
b
2
(M1 −M0) + i(1 + b
2)
2
,
(A.16)
in agreement with the spectrum described in table 6.
A.3.2 Generalized quiver
In this section we want to write the S2 partition function for a U(1)3 GLSM with 8 chiral
multiplets, whose masses and U(1) charges are
(m±1 ,±1, 0, 0) , (m±2 , 0,±1, 0) , (m±3 , 0, 0,±1) , (m±4 ,±1,±1,∓1) , (A.17)
expanded around z1,3 = 0 , z2 = 1. This partition function should be equivalent to (7.52)
under some map of the masses. The easiest way to write the partition function will be to
start from (A.14), with the renaming z1 → z2 → z3 , m±1 → m±2 → m∓4 , m±3 → m∓3
Z =(z3z¯3)
−im+3 γ(−im+3 − im−3 )
[
|1− z2|2+2i(m+2 +m−4 +m−2 +m+4 )
γ
(
2 + i(m+2 +m
−
4 +m
−
2 +m
+
4 )
)
+
γ
(−im+2 − im−2 ) γ (−im+2 − im−4 + im+3 ) γ (−im+4 − im−2 − im+3 ) γ (−im−4 − im+4 )
γ
(−i(m+2 +m−4 +m−2 +m+4 ))
]
+
+(z3z¯3)
−im+2 −im−4 γ(−im−3 − im+2 − im−4 )γ(−im+3 + im+2 + im−4 )γ
(−im+2 − im−2 ) γ (−im−4 − im+4 ) .
(A.18)
Now we will gauge another U(1) under which m±4 have charges ±1 and add two chiral fields
with masses m±1 and charges (±1, 0, 0). The partition function becomes
Z =
∫
dσ(z1z¯1)
iσ(z3z¯3)
−im+3 γ(−im+1 − iσ)γ(−im−1 + iσ)γ(−im+3 − im−3 )[
|1− z2|2+2i(m+2 +m−4 +m−2 +m+4 )
γ
(
2 + i(m+2 +m
−
4 +m
−
2 +m
+
4 )
)
+
γ
(−im+2 − im−2 ) γ (−im+2 − im−4 + im+3 + iσ) γ (−im+4 − im−2 − im+3 − iσ) γ (−im−4 − im+4 )
γ
(−i(m+2 +m−4 +m−2 +m+4 ))
]
+
+
∫
dσ(z1z¯1)
iσ(z3z¯3)
−im+2 −im−4 +iσγ(−im+1 − iσ)γ(−im−1 + iσ)
γ(−im−3 − im+2 − im−4 + iσ)γ(−im+3 + im+2 + im−4 − iσ)γ
(−im+2 − im−2 ) γ (−im−4 − im+4 ) .
(A.19)
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Closing contour for the σ integral, we get
Z =
∏
a=1,3
|za|−2im+a |1− z2|2+2i(m+2 +m−4 +m−2 +m+4 ) γ(−im
−
1 − im+1 )γ(−im+3 − im−3 )
γ
(
2 + i(m+2 +m
−
4 +m
−
2 +m
+
4 )
)
+
∏
a=1,3
|za|−2im+a
γ
(
im+3 − im+2 − im−4 − im+1
)
γ
(
im+1 − im+4 − im−2 − im+3
)∏4
a=1 γ (−im−a − im+a )
γ
(−i(m+2 +m−4 +m−2 +m+4 )) +
+|z1|−2im+1 |z3|−2i(m+2 +m−4 +m+1 )γ(−im−1 − im+1 )γ
(−im+2 − im−2 ) γ (−im−4 − im+4 )
γ(−im−3 − im+2 − im−4 − im+1 )γ(−im+3 + im+2 + im−4 + im+1 )
+|z1|−2i(m+4 +m−2 +m+3 )|z3|−2im+3 γ(−im+1 + im−2 + im+3 + im+4 )γ(−im−1 − im−2 − im+3 − im+4 )
γ
(−im+2 − im−2 ) γ(−im+3 − im−3 )γ (−im−4 − im+4 ) .
(A.20)
We find agreement with (7.52) under the following map of parameters:
z1,3 = q1,3 , z2 = 1− q2 ,
− im+2 − im−2 − im+4 − im−4 = −2ibM2+ + 1 + b2
− im+I − im−I = −ibMI+ − ibMI− , I = 1, 2, 3
− im+4 − im−4 = ibM2− − ibM2+ + b2 + 1
− im+2 − im+1 − im−4 + im+3 = 2ibM3+
− im−2 − im+4 − im+3 + im+1 = 2ibM1+
− im+1 − im+2 − im−4 − im−3 = ibM3+ − ibM3− − b2
− im−2 − im+4 − im+3 − im−1 = ibM1+ − ibM1− − b2 .
(A.21)
Up to gauge transformations, this is solved by
m±I = bMI± , m
−
4 =
i(b2 + 1)
2
, m+4 = bM2+ − bM2− +
i(b2 + 1)
2
, (A.22)
in agreement with the spectrum of table 7.
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